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1 Introduction

1.1 Overview

Financial intermediaries that buy assets and hold them until resale often rely on external
capital. This external funding exposes them to the risk of selling assets under pressure. One
example of this is closed-ended private equity (PE) buyout funds within the corporate acqui-
sition market[]] A PE fund acquires a small number of assets such as corporate subdivisions,
and ultimately exits by selling the assets through two methods: primary buyouts (PBOs)
to corporate buyers and secondary buyouts (SBOs) to other PE funds. PE buyout funds
have become significant players in the corporate acquisition market. In 2017, their invest-
ments accounted for $538 billion out of the total $2.1 trillion in the US acquisition market,
representing 4,053 out of 10,769 deals, and over the period from 2011 to 2017, these funds
experienced a compounded annual growth rate of 7.5%F| Typically, a buyout fund operates
for 10-12 years, and as it nears the end of its life span, it may sell assets under pressure,
often to other PE funds in the secondary market (Arcot, Fluck, Gaspar, and Hegel 2015)).
We build a search-theoretic model of asset reallocation, where intermediaries (hereafter,
funds) are at such risk of selling under pressure. Our model is similar in spirit to |Duffie,
Garleanu, and Pedersen| (2005) and Hugonnier, Lester, and Weill (2018). The search-and-
bargaining features are suitable for capturing intermediaries’ attempts to sell under pressure
in a decentralized market. In particular, while selling portfolio assets, PE funds often take
several months to find an appropriate buyer and close a transaction. We explore the impact of
market characteristics, such as search friction and the number of funds, on welfare, fund val-
uations, trading volumes, and transaction prices. We quantify how the characteristics of the

funds’ ecosystem determine their performance. Funds compete for intermediation opportuni-

LA PE fund consists of General Partners (GPs) who have specialties in specific industries and operating
expertise such as finance and marketing. The GPs raise capital from outside investors, called Limited
Partners (LPs). After raising capital, a typical PE fund usually has around 10 to 12 years of life after its
inception. The rationale for a finite life is that funds invest in private firms whose market value is unknown.
Only after an asset is sold, GPs and LPs observe gains of the fund and can determine GPs’ management
compensation and LPs’ share.

2The primary data is from the 2018 US PE middle market report by Pitchbook Data Inc. at https:
//pitchbook.com/news/reports/2q-2018-ma-report. The data includes corporate acquisition deals with
transaction values between $25 million and $1,000 million.
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ties but also provide each other with greater exit opportunities (i.e., secondary transactions).
As such, funds may derive benefits from having additional funds in the ecosystem.

Our model comprises a continuum of investors and funds who hold either one or zero as-
sets. The assets are reallocated over time through (investor-to-investor) direct trading, fund-
investor trading, and (fund-to-fund) secondary trading with heterogeneous search frictions.
High-type investors can generate higher flow payoffs, so assets are reallocated from low-type
investors to high-type investors, sometimes through transactions involved with funds. Each
investor’s type changes over time by an exogenous shock. Funds buy assets from low-type
investors and sell to high-type investors. While holding assets, funds may receive liquidity
shocks and incur a holding cost from owing assets. Then, the funds under selling pressure
would attempt to sell the assets, even to other funds, through secondary transactions.

We find a unique steady-state equilibrium in which all three kinds of transactions are
active. We find that funds enhance market efficiency by alleviating search frictions and
providing greater liquidity to the market. The first channel, whereby intermediaries facilitate
asset transfers, is well-known. The second channel — the liquidity channel — is unique to our
model and is related explicitly to funds’ demand for liquidity due to their exit requirements.

In [Section 4], we calibrate our model to the US mid-size corporate acquisition market with
PE intermediation to quantitatively address equilibrium questions involving complex inter-
actions among parameters. The M&A market with PE intermediation is a novel application
of the OTC literature. The mid-size corporate acquisition market lends itself naturally to
a search framework: this market is particularly unintegrated with approximately 100,000
corporations and 2,000 PE funds, and it takes about a year for sellers to find appropriate
buyers and close transactions. A typical transaction involves a sale of all the corporation
assets or a subdivision by corporate investors or private equity (PE) buyout fundsE|

Our first set of results focuses on the (fund-to-fund) secondary market. We show that sec-
ondary transactions enhance fund value and improve overall welfare ([Proposition 3|). Funds

3Certainly, our model contains some simplifications. Private equity funds in practice can hold multiple
assets and directly improve the fundamental value of the holding assets. We hope our model opens the
door for future work that allows such unique features of PE funds in the corporate acquisition markets. For
alternative models of corporate acquisitions, see |[Jovanovic and Rousseay| (2002)), Rhodes-Kropf, Robinson,
and Viswanathan| (2005), Rhodes-Kropf and Robinson| (2008), [Eisfeldt and Rampini| (2008)), David (2017,
and |Almeida, Campello, and Hackbarth| (2011)).



sourcing deals provide liquidity to funds at the exit phase, while funds at the exit phase

allow fund buyers to acquire assets more quickly. Secondary transactions offer a channel
through which funds can complement each other (Proposition 4)). As a result, perhaps sur-

prisingly, the value of funds can increase with the number of funds (Proposition 5. For

the calibrated model parameters, an increase of PE funds’ flow payoff by 1% increases fund
value by 6%. Secondary transactions are sometimes criticized as opportunistic behavior
among fund managers passing sub-par assets to their counterparts, all the while both sides
collect management fees from the fund investorsﬁ However, we find that funds generate
higher returns because of (and not in spite of) secondary transactions, and the possibility of
secondary transactions contributes to 36% of each new fund’s expected utility. If PE funds
cannot enhance the operating cash flows of acquired firms, then intermediation would not
be profitable in spite of their search advantages.

We study other equilibrium properties such as welfare, trade speeds, prices, and trade

volumes ([Proposition 8| [Proposition 9| and [Proposition 10]). Direct trades between low and

high-type investors clearly have a positive gain, but its welfare consequence is subtle because
investors’ direct trading deprives funds of potential trade opportunities. Funds will find it
harder to turn over their inventory quickly and intermediate the asset market efficiently.
Slowing down direct trading for investors enables exit-phase funds to quickly off-load assets
and purchase new ones, especially when they can search for trading opportunities fast. The
equilibrium welfare is 13.4% higher than the welfare in the counterfactual situation without
M&A transactions and PE intermediation. Thus, PE funds contribute to the welfare both

by lowering search frictions and adding operational value.

1.2 Related Literature

We discuss only closely related papers on OTC markets with intermediation and refer others
to [Nosal and Rocheteau| (2011)) and references therein ]
Hugonnier, Lester, and Weill (2020) study an inter-dealer market and share some similari-

ties with our direct and secondary trading markets. There are several important distinctions.

4See https://www.economist.com/node/15580148.
5Our model differs from interbank network models surveyed by |Allen and Babus| (2009). There, the focus
is on lending and borrowing.
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First, our model is tailored to capture funds experiencing selling pressure due to liquidity
shocks; the shocks arrive contingent on holding assets and cease to exist when funds off-load
assets. Our model is suitable for funds intermediating with external capital. Second, their
inter-dealer market is singled out such that investors can trade only through dealers. In con-
trast, we are interested in concurrent operations of unrestricted interactions among investors
and funds. The unrestricted interaction is relevant for applications such as the corporate
acquisition market and the real estate market (Phillips and Zhdanov| (2017))). Third, their
results focus on trading patterns including intermediation chains, whereas our focus is on
fund valuations and welfare.

We focus on steady-state equilibrium in which funds choose to intermediate between low
and high-type investors, due to their moderate flow payoffs. This self-selection of intermedi-
aries has been studied in |[Neklyudov; (2019), Uslit (2019), Nosal, Wong, and Wright| (2016)),
Shen, Wei, and Yan| (2021)), |Yang and Zeng (2018)), and Farboodi, Jarosch, and Shimer
(2017). It is often the case that mid-type investors, similar to our funds, choose to inter-
mediate with comparative advantages in search skills. |Atkeson, Eisfeldt, and Weill (2015)
also study an OTC market with endogenous intermediation. For derivative swap contracts,
investors with risky endowments may be unable to share the risk fully, because of a size
limit on bilateral trades. Buy and sell prices do not reflect the aggregate risk, and the price
dispersion incentivizes some banks to act as intermediaries.

The welfare effect of secondary transactions has been studied in other contexts. |Gofman
(2014)) shows that better-connected intermediaries in financial markets can shorten interme-
diation chains and improve welfare. Pagano and Volpin| (2012) study the bank-loan market
where banks lend to consumers (primary issuance) while other banks provide liquidity by
investing in securitized loans (secondary market liquidity). High securitization activities in
the secondary market yield high loan issuance in the primary market, driven by greater
transparency in the secondary market. Finally, Hochberg, Ljungqvist, and Lu (2007) study
the benefits of PE funds’ networks in sharing information about assets.

Our paper focuses on intermediaries’ selling under pressure. However, in some applica-
tions, fund managers initiate secondary transactions, either under buying pressure when the
fund is near the end of its investment phase with excess capital, or under selling pressure
when the fund is close to the end of the fund’s life (Arcot, Fluck, Gaspar, and Hege (2015)),



Degeorge, Martin, and Phalippou| (2016, and |Wang (2012))). In either case, the secondary
market offers a channel through which funds can provide liquidity to each other.

The remainder of the paper is organized as follows. introduces the formal
model; provides equilibrium properties; presents a calibration exercise;
discusses our main analysis of secondary transactions; provides results
on welfare, prices, and trade volumes; and concludes.

2 Model

Time runs continuously in ¢ € [0, 00). Over time, two kinds of agents, investors and funds
trade assets. Initially, a fraction of investors and funds are endowed with assets. The
measures of investors k,, funds k;, and tradable assets k, remain constant. All agents are
risk neutral and infinitely lived, with time preferences determined by a constant discount
rate r. BEach agent holds one or zero assets. Hence, k, < k, + ky. We normalize the total
measure of investors as k, = 1.

An investor that holds an asset generates either a high payoff flow u; or a low payoff
flow u; (< up). An investor does not receive any payoff flow when not holding an asset. An
investor’s ability to create payoff flow switches from low to high with Poisson intensity p,,
or from high to low with intensity p,;. The arrival rate of this Poisson shock for each type of
investor is independent of other investorsﬁ The set of investor types is T, = {ho, lo, hn,In},
where the letters h and [ represent each investor’s ability to generate payoffs and the letters
o and n denote whether an investor owns an asset or not.

A fund’s life cycle consists of an investment phase, a harvesting phase, and an exit phase.
A fund in the investment phase does not own assets and searches for an investor or a fund

selling assets. After purchasing an asset, the fund enters the harvesting phase and creates

6 Although beyond the scope of the current paper, our model can be adapted to accommodate systematic
shocks to the economy by introducing state variables and transitions from one state to another. Using eco-
nomic state variables to capture aggregate shocks appears in the M&A literature. For example, acquisitions
motivated by production synergies occur more during economic expansions, whereas disinvestment-related
takeovers occur more during recessions (Mason and Weeds| (2010)); Lambrecht| (2004)); [Lambrecht and My-
ers| (2007). Further, Bernile, Lyandres, and Zhdanov| (2012) show that horizontal mergers in oligopolistic
industries tend to occur when consumer demand increases or decreases, rather than remaining stable.



payoff flow us. A fund in the harvesting phase sells its assets and starts a new life cycle (i.e.,
goes back to the investment phase)[] or it receives a liquidity shock with intensity p. and
enters the exit phase. A fund in the exit phase incurs a holding cost and generates a lower
payoff flow u. (< uy). After selling the asset, the fund automatically starts a new life in the
investment phase. We denote a fund in the investing phase by type fn (a fund non-owner),
in the harvesting phase by type fo (a fund owner), and in the exiting phase by type fe (a
fund that is exiting). The set of fund types is T; = {fn, fo, fe}.

We assume that funds generate moderate payoff flows, u; < u. < uy < uy, such that
funds play the role of intermediaries by purchasing assets from low-type investors and selling
them to high-type investors. In reality, buyout funds contribute to operational efficiencies of
assets (thus, uy > u;). However, assets divested by buyout funds are acquired by corporate
investors, indicating that the flow payoff for certain corporate investors must be even higher
than that of buyout funds (thus, u, > us). This disparity may be attributed to additional
benefits associated with holding an asset, such as synergies with the investor’s existing asset
portfolio. Our model accounts for this synergy by incorporating an increased flow payoff uy,
over ;.

Let 7 = 7, U T; denote the set of types with typical elements i, j, etc. The measure of
type i € T at time ¢ € [0, 00) is denoted by p;(¢). Then,

:uho(t) + ,uhn(t) + ,ulo(t) + ,uln(t) - kv(: 1)7
fpn(t) + pigo(t) + ppe(t) = ki, (1)
o) + p1o(8) + p7ol8) + p17e(8) = ki

Agents meet each other over time and negotiate a trade. Two investors meet each other
with intensity A4 for (investor-to-investor) direct trading. An investor and a fund meet
each other with intensity A; for a fund-investor trading. A fund in the exit phase (fe)
and a fund in the investment phase (fn) meet each other with intensity A for (fund-to-fund)
secondary trading. The meeting rate between any pair of groups is linear in each group’s
population. That is, for any pair of investor types ¢, j € 7T, with measures y; and p;, the total

meeting rate is Agp;pe;. Similarly, the total meeting rate between an investor type ¢ € 7,

"General partners of PE funds often start a new fund around the liquidation of an existing fund.



and a fund type 7 € Ty is Ay, and the total meeting rate in the secondary market is
Astfeftrn. When two agents meet each other, they trade an asset instantaneously if and only
if the gain from trade (which we explain later) is positive. The assumption of immediate
trading upon meeting follows the literature on bargaining without asymmetric information.

We will find an equilibrium in which all tradings denoted by M = {lo-hn,lo-fn, fo-
hn, fe-hn, fe-fn} are activeﬁ That is, a lo-type investor sells an asset to a hn-type investor
(lo-hn trade). Similarly, either a lo-type investor sells an asset to a fn-type fund (lo-fn
trade), or a fund of type either fo or fe sells an asset to a hn-type investor (either fo-hn
or fe-hn trade). In the secondary market, a fe-type fund sells to a fn-type fund (fe-fn
trade). After all trades, the types change from ‘0’ to ‘n’ and vice versa. Overall, assets
are transferred from low-type investors toward high-type investors, with a possible chain of
trades among funds through secondary trades.

summarizes the model. Agent types are listed on the left column for owners and
the right column for non-owners. An owner changes her type to one on the right column upon
selling her asset; non-owner changes her type to one on the left column upon purchasing an
asset (a fund’s type becomes fo after an asset purchase). The solid arrows represent asset
reallocations from sellers to buyers. The vertical dashed arrows represent the exogenous type
changes: high vs. low for investors, or a liquidity shock to fo-type funds.

An asset market with fund intermediation is a collection of exogenous parameters 6 =
(k,r,u, p, \), where k = (ky, kg, ko), u = (w, up, us, ue), and A = (Mg, Ar, As). All exogenously
given parameters are strictly positive. We provide a summary of the model parameters in
in the Appendix, along with the equilibrium variables that will be introduced in the

subsequent section.

8However, two buyout funds, fo and fn, do not trade. Such circumstance does not yield any gains because
both funds would receive the same payoff flow and have an equal chance (Poisson arrival) of experiencing a
liquidity shock while holding the asset. For the same reason, the same type of investors, either high-type or
low-type, also do not trade. In the real world, a new fund that acquires an asset typically does not dispose
of it to another fund before reaching the end of its life cycle. This lack of trading is likely due to insufficient
gains from such trades. Our model ensures that the same property holds in equilibrium.
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Figure 1: An asset market with fund intermediation.
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3 Equilibrium

We are interested in a steady-state equilibrium in which investors trade assets amongst
themselves, and funds intermediate by buying and selling assets. We first derive steady-
state population measures. Let kj, and k; denote the steady-state populations of high- and
low-type investors. Since we normalized the total measure of investors as k, = 1, from the

rates of exogenous type changes,

Pu and kl _ Pd

ky, = .
pu"—pd pu+pd

A hn-type investor switches its type to ho upon purchasing an asset from either a lo-type
investor or a fo- or fe-type fund. As such, hn-type investors become ho-type at the rate
of (Apflio + Afptfo + Affise)ftnn. On the other hand, as a result of exogenous type changes,

hn-type investors switch their types to In at the rate of pgup,; similarly, In-type investors



switch their types to hn at the rate of p,py,. Thus,

finn(t) = —=(Nattio(t) + Aspiso(t) + Astige(t)) pnn(t) = paptnn(t) + puttin(t). (u-hn)

The population measures for other types change over time by similar processes:

ftho(t) = (Adpuo(t) + Appro(t) + Aptige(t)) ftan () — pabtno(t) + putuo(t), (#-ho)
fn(t) = (Aatnn(t) + Apppn () io(t) — putun(t) + patnn(t), (p-In)
fuo(t) = —(Xattnn(t) + Mgt (8)) puo(t) — puttio(t) + patino(), (p-1o)
frn(t) = Ap (nn (O 5o(t) + pinn () pse(t) = po(t) pn(t)) (#-fn)
frro(t) = (Astio(t) + Aspipe(t))ppn () — Appinn (O 1iro(t) — petiso(t), (n-fo)
fire(t) = —(Appnn(t) + Aspipn () pre(t) + pepipo(t)- (p-fe)

Let P(#) denote the above system of population equations (u-hnl)-(u-fe). A real-vector
i = (p;)ier with each p; > 0 is a steady-state solution of P(6) if the right-hand sides of the
equations, with p;(t) replaced by p; for each i € T, are equal to zero.

Proposition 1. (Steady-state Population Measures)

1. (Existence and Uniqueness) There ezists a unique steady-state solution p of P(6) such
that p; > 0 for alli € T.

2. (Asymptotic Stability) Let u(t) be a dynamic solution of P(6) with initial condition
w(0). For any e > 0, there exists 6 > 0 such that, if ||u(0) — pl| < 9, then ||u(t) —u|| <€
for all t, and pu(t) — p ast — oo.

The proof uses the Poincare-Hopf index theorem (Simsek, Ozdaglar, and Acemoglu,
2007), which generalizes the Intermediate Value Theorem and is new to the OTC market
literature. To get an intuition, we set (i;):e, =~ 0, while satisfying the population equations
P(0) but violating k, = 1. A small increase of py, (or pp,) increases the supply (resp.,
demand) of assets for investors’ direct trading Agftjoftnn, and in turn the number of investors
that are rightly holding or not-holding assets (up, and py,). The increased populations
of pp, and py, lead to more inflow pyup, of agents back to the aggregate supply and the

10



inflow p,u;, to the aggregate demand for direct trading. That is, all four investor-type
populations increase. Taking into account how investor-type populations are related to fund-
type populations, we find a unique supply 1, and demand iy, that yield Zie% i =k, =1
by the index theorem. The second part of the proposition on stability is due to a classical

result in dynamical systems.ﬂ

We define a steady-state equilibrium via a recursive equation of certain values (or, ex-
pected utility). The sources of value to all agents in our model are two-fold: flow payoffs while
holding assets and gains from trade. Let vy, denote the expected value of time-discounted

future payoffs for a type-hn investor. The value is defined implicitly by

Upn = )‘d,uloglo—hn + )‘f/ifogfo—hn + /\f,ufegfe—hn — Pd (Uhn - vln) 3 (V—hIl)

where each Gio—nn, Gfo—hn, and gre_p, denotes the investor’s gain from trade (in fact, an
equal share of the gain, which we define later). The meeting rate for direct trading, taking
into account the population of sellers, is Ay, and the gain from trade is g;,_p,. Two other
terms are defined similarly for the cases of trading with either a fo- or fe-type fund. The
investor changes its type from high to low with rate pg, in which case it loses value equivalent
to Vpn — Uin.-

The values for other types are defined similarly as follows:

TVho = Un — Pd (Vho — Vio) , (v-ho
TV = Pu (Vhn — Vin) , (v-In
TVl = U + AafthnGio—hn + At fnGio—fn + Pu (Vho — Vio)
TVfn = AflhioGio—fn + NsfhfeGfe—fn,

TUfo = Uf + AffthnGfo—hn — Pe (Vjo = Vge) , (
TVfe = Ue + NG fe—hn + NsfbfnGfe—fn- (v-fe

A flow payoft is included for each owner type (the payoff flow is zero for non-owners).

91f all eigenvalues of the linearized system at the steady-state solution have negative real parts, then the
solution is asymptotically stable (Hirsch and Smale} [1973]).

11



We assume that the transaction prices (that we will characterize in the next subsection)
will be set to ensure an equal division of gain from trade between a buyer and a sellerm

Then, each agent’s gain from trade is:

Jio—hn = (1/2)(Vho + Vi — Vio — Vnn),

Gio—n = (1/2) (Vo + Vin — Vio — Vi),

Iro—tmn = (1/2)(Vho + vpn — Vo — Una),

Gie—tn = (1/2)(Vno + Vn — Vfe — Uhn),

pe—n = (1/2)(Vgo + Upn — Ve — vn) = (1/2)(v50 = vye)-

Let V() denote the above system of value equations (v-hn))-(v-fe)), with p being replaced
by the unique steady-state solution of P(0).

Proposition 2. There ezists a unique solution of V(6).

We have characterized the unique steady-state population measures p and the values v,
assuming that all tradings are active. If the unique steady-state solution (u,v) results in
positive trade gains, we call it a steady-state equilibrium.E

We provide the conditions for positive trade gains as and in Appendix. The trade
gain gy sy is trivially positive from u; > wu.: secondary transactions bail out funds under
liquidity constraints. The gains from investors’ direct trading and fund-investor trading are
related to each other as gio—nn = Gio—fn + Gfo—nn- This implies that both direct trades and
indirect trades through fund intermediation result in the same total gains. Similarly, gains in
fund-investor trading and secondary trading are related as ge—nn = gfo—hn+gfe—fn. Hence, it
is sufficient to ensure that g;,—,, and gfo—nn are positive. This can be achieved, for example,
by having a significant difference between u; and w; (indicating a substantial contribution
by buyout funds to operational efficiencies of assets), as well as a notable difference between

up, and uy (highlighting substantial benefits from synergies for certain investors).

00ur qualitative results do not depend on the assumption of equal bargaining power. |Ahern| (2012)
observes that the dollar gains of trades are often equally split between buyers and sellers.

1A unique steady-state equilibrium appears in [Duffie, Garleanu, and Pedersen| (2005)), but multiple equi-
libria appear more commonly with financial market applications: e.g., Vayanos and Weill (2008) and (Trejos
and Wright| (2016)).

12



The transaction prices are determined so that buyers and sellers equally share the gains

from trades (i.e., the equal bargaining power assumption):

Pro—tn = (1/2)(Vho + Vio — Vpn — Vi),
Dio—fn = (1/2)(Vgo + Vio — Vin — V),
Pro—n = (1/2)(Vno + Vo = Vn — Vhn),
Pre—tn = (1/2)(Vno + Ve — Vfn — Vhn),
Pre—fn = (1/2)(vfo + vpe — 2vpn)

Finally, we adopt as a notion of social welfare the sum of the utilities of investors and
funds, which is a standard definition in the literature (see, for example, Duffie, Garleanu,
and Pedersen| (2005) and Hugonnier, Lester, and Weill (2018). Formally the (total) welfare

1S

W= Z iV,

€T

the sum of the values of all player types weighted by the populations in the economy.

4 Calibration

We calibrate our model with data from the mid-sized US corporate acquisition market to
attain a quantitative sense of equilibrium. The mid-size corporate acquisition market lends
itself naturally to a search framework. A typical transaction involves a sale of assets — either
all the corporation assets or a subdivision — by corporate investors or by private equity
(PE) buyout funds, and it takes about a year for sellers to find appropriate buyers and
close transactions (Boone and Mulherin, [2011). A typical PE buyout fund acquires a small
number of portfolio firms, holds the firms as inventory and adds operational value through

better management, and exits by selling their portfolio ﬁrms.[T_Z] PE funds divest the acquired

12We distinguish buyout funds from other PE funds such as venture capital funds, which usually invest in
fractional equity stakes of start-ups and early-stage firms.

13



firms to corporate investors through primary buyouts (PBOs), or to other PE funds through
secondary buyouts (SBOs).

The primary data is from the 2018 US PE middle market report by Pitchbook Data Inc.
and the 2012 U.S. Economic Census Data. The dataset includes various model statistics
listed in related to transaction volumes, average time to sell, price multiple, and fund
performance. There are approximately 102,626 mid-sized companies meeting our criteria,
and 1,893 PE funds targeting the middle market (Given our normalization k, = 1 for the
number of mid-sized companies, k; = 1,893/102,626 ~ 0.02).H From 2007 to 2017, the
total number of transactions is 9,626 per year, and PE funds acquired an average of 1,799
firms per year, of which 359 (~ 20%) are through SBOs and 1,440 are through PBOs. Then,
we can estimate 6,387 direct transactions (7,,_p,) per year.ﬁ.

The additional statistics in|Table 1|are sourced from various references. First, the average
time to sell for corporate investors and PE funds is from the average of the values provided
in online reports prepared by selling agents, such as business brokers or investment bankers
(for a detailed list of references, please refer to the Supplemental Appendix). On average,
it takes approximately 11 months (0.91 years) for PE funds and 15 months (1.25 years) for
corporate investors to complete a firm sale.ﬁ

Second, for the fund performance, we use the Public Market Equivalent (PME) intro-
duced by |[Kaplan and Schoar (2005)) and [Sorensen and Jagannathan| (2015). We consider the
PME to be the average of 1.01 from various estimates.ﬁ Lastly, the EV/EBITDA multiple

IBWe define mid-size companies, as those with annual revenues between $20 million and $1,000 million.
We exclude small companies from our analysis due to the lack of reliable data on their acquisition activities.
Additionally, we omit large companies to maintain homogeneity in our sample set. We apply the same
normalization to the number of PE funds, assets, trading volumes, etc. Pitchbook reports the number of
PE funds raised each year targeting the middle market. We cumulate these numbers for 2007-2018, as the
average lifespan of PE funds is 12 years (Metrick and Yasuda, [2010)).

14The number of direct transactions is estimated using our model. In equilibrium, the number of PE
buyouts must be equal to the number of exits (i.e, Nfe—hn + Nfo—hn = Mo—fn), S0 the total number of deals
equals the sum 9o—pn + 2M0— fn + Nfe—fn, Which gives us the estimate of direct transactions (1o—pn)

15Time to sell includes time taken in the preparation process and the listing-to-sale process. The prepa-
ration process for PE funds takes only an average of 2 months — much shorter than an average of 6 months
for corporate investors. Portfolio firms of PE funds are usually in a better state of readiness to approach
the market due to high-quality governance, accounting, and information systems. The listing-to-sale process
takes an average of 9 months for selling agents.

16Public Market Equivalent (PME) is defined as the ratio of cash outflows over cash contributions, both
discounted at the public market total return (e.g., S&P 500 index) after subtracting management fees paid to
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Model Statistic

Description Data (for normalized values)
Corporate (Direct) acquisitions 6387 NMo—hn = Adfbiofihn
Primary Buyouts (PBOs) 1440 Mo— fn. = Afliofbfn
Secondary Buyouts (SBOs) 359 Nin—fe = Nslhfnfbfe
Avg time to sell for corporate investors 1.25 years E[rs) (eq. (@)
Avg time to sell for PE funds 0.91 years E[rss] (eq. (7))
Fund performance (PME) 1.01 PME (eq. (6])
Price multiple (EV/EBITDA) 9.0 Piopn/w

Table 1: Key Statistics on the Corporate Acquisition Market

is set equal to the average of 9.0 from 2005 to 2017[]

Next, we examine the remaining model parameters listed in top panel of Some
of these parameters are directly observed in the existing literature. Low-type corporate
investors’ flow payoff is normalized as w; = 1. We set u; = 1.4 from Betton, Eckbo, and
Thorburn| (2008), which report an average 43% takeover premium over 4,880 acquisitions
during 1980-2002, and Bargeron, Schlingemann, Stulz, and Zutter| (2008)), which find that
the takeover premium paid by a private acquirer is 40.9%. We set uy = 1.2 from Guo,
Hotchkiss, and Song| (2011)), which estimated a median gain of 12.4% by large-market funds,
with an adjustment to 20% because we focus on mid-market funds associated with higher
risk and higher returns, as opposed to large-market funds[¥] For the flow payoff net of
liquidity cost u., Nadauld, Sensoy, Vorkink, and Weisbach| (2016) find that fund investors

under liquidity shocks sell their PE ownership to other fund investors at a 13.8% discount.

the fund managers. [Kaplan and Schoar| (2005) estimate an average PME of 0.93 for PE funds in the period
1980-1994, while Phalippou and Gottschalg (2008)), using a similar dataset but different methodology, report
an average PME of 0.88. |Harris, Jenkinson, and Kaplan| (2014)), on the other hand, reports significantly
better performance with an average PME of 1.22 for the period 1984-2008. The estimates of PME by
PitchBook Data, Inc. yield an average of 1.00 for the period 2006-15.

17See a recent report on EV/EBITDA by FactSet Research Systems Inc. at https://www.factset.com/
hubfs/mergerstat_em/monthly/US-Flashwire-Monthly.pdf.

'*In earlier version, we chose uy = 1.3 from Kaplan| (1989)) which reported 45.5%, 72.5%, and 28.3%
increases in net cash flow/sales each year for the first three years following the buyout, and Muscarella and
Vetsuypens| (1990)), Opler| (1992), and |Andrade and Kaplan| (1998]), which estimated the increase in operating
profits of target firms after fund buyouts as 23.5%, 16.5%, and 52.9%, respectively. However, the private
equity industry may have undergone transformations over the years (Stromberg} |2008)), and the profitability
effects of large public-to-private deals have weakened (Guo, Hotchkiss, and Song, 2011)).
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Parameters Variable Value

No. of corporate investors k, 1.0
No. of PE funds k 0.02
No. of assets ke 0.5
(Observed)  Flow Payoff low type w 1
Flow payoff high type up, 1.4
Flow payoff PE (harvesting) us 1.2
Flow payoff PE (exiting) Ue 1.03
Low valuation shock Pd 0.24
High valuation shock Pu 0.16
Liquidity shock Pe 0.38
(Estimated) Match intensity (direct trading) Ad 46.1
Match intensity (PBO) Af 61.7
Match intensity (SBO) As 699
Discount rate r 11.8%

Table 2: Fitted Parameters of Calibration

This observation motivates our choice of u, = (1 — 0.138) x uy ~ 1.03@

We do not directly observe the number of assets, so our benchmark analysis assumes
k, = 0.5, but the calibration results vary insignificantly if k£, = 0.25 and k, = 0.75.

We estimate the parameters (p, A,r) in the bottom panel of that offer the best
fit to the seven key statistics in Specifically, each choice of the remaining pa-
rameters’ values, together with the directly observed parameters (k,u), defines a market
0 = (k,r,u,p, \). We compute the statistics Y;(p, A, r; k,u) for each row ¢ = 1,...,7 in
[ble 1] using the closed-form expressions for various metrics, such as the average time to sell

(obtained in [Proposition 9)), PME (obtained in [Proposition 11)), EV/EBITDA (P,_pnn/w),

and compare them with the observed data Y.

We obtain estimates for (p, A, 7) by minimizing the sum of squared residuals (SSR) subject

to positive trade gains in the unique steady-state solution of the market (p, \,r; k,u), i.e.,
g . __y/obs 2

min, , S, (%) subject to ¢, (B;k,u) > 0, for each m € M. Our model

fits the observed data with a high degree of accuracy. The minimum SSR is approximately

Indeed, the equilibrium trade patterns, such as trade volumes, population distributions, and time to sell
or buy, remain essentially invariant with respect to the flow-payoff parameters. We will discuss the sensitivity
of other statistics such as value, welfare, and prices in later sections.
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2.9 x 107°.

The lower section of summarizes the parameter estimatesP’] The parameter
estimates are of reasonable magnitudes. The estimated type transition rates p, and pq4
suggest that the corporate investors’ type transitions take on average about 1/p, = 6.30
years from low to high, and 1/p; = 4.25 years from high to low. Moreover, a PE fund
holding an asset can expect to experience a liquidity shock approximately every 1/p, = 2.61
years. The matching intensities (A4, Af, As) are not directly interpretable: for example, it
takes ﬁmo years for a high-type investor to meet a low type. Lastly, the estimated discount
rate r = 11.8%, although high, seems reasonable given that assets represent stakes in mid-size
private firms.

In the following sections, we address various implications of our calibration, including: (i)
Is there an oversupply or undersupply of tradable assets relative to the number of corporate
buyers and PE funds? (ii) How are fund valuations affected by liquidity provision through
SBOs and operational improvements made by fund managers? (iii) How does PE entry
impact fund valuation and transaction prices? (iv) What are the welfare losses associated

with search frictions?

5 Equilibrium Analysis of the Secondary Market

We conduct an equilibrium analysis with an emphasis on the secondary market. Our ap-
proach incorporates both qualitative and quantitative aspects, utilizing model calibration.
We find that secondary trading enhances liquidity and improves welfare as expected.
Each secondary trade bails a fund out of liquidity constraints and offers fund buyers more
transaction opportunities, at no cost to any other types of agents. Thus, a more liquid

secondary market attenuates the effects of fund liquidity shocks and improves overall welfare.

Proposition 3. 1. While liquidity shocks reduce funds’ values (vs. < vy,), their influence

8(Ufofvfe)
O)s

secondary market becomes completely liquid (limy, _o0(vfo — vfe) = 0).

is mitigated by more liquid secondary market ( < 0) and vanishes when the

20The calibrated search rates tend to be very large due to our normalization of k, = 1 and motivates us
to study a fast-search market. See the fast search market analysis in for detailed discussions.
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2. The welfare increases in the secondary market liquidity (g—K[: = %&f:(uf;ue) > 0).

A faster secondary market enables funds under selling pressure (fe) to exit and restart
their life cycle as fn swiftly, while more funds in the investment phase (fn) transition to
the harvesting phase (fo). Each unit measure of secondary transactions shifts population
from pise to pg, without altering pi4,, resulting in increased welfare by the value of increased
payoff flow with time discount @

Quantitatively, the influence of secondary buyouts on the overall welfare in
is limited due to the relatively small number of funds compared to corporate investors (ks =
0.02). For instance, 1% increase in secondary market liquidity from \; = 699 would increase

the number of secondary buyouts by at most 3.6 per year, resulting in a mere 0.03% increase

in the total welfare (g—‘/{‘:% = 0.03%)

Self-interested funds support each other through secondary trades, allowing funds un-
der selling pressure to exit more quickly. Additionally, fund buyers benefit from increased
trade opportunities when funds look to exit. A higher search rate in the secondary market
strengthens this channel, enabling additional funds to enhance their expected value at the

time of the new life cycle (vy,).

Proposition 4. There exists Ef such that of ky < Ef, then there is a complementarity

between the secondary market liquidity and the number of funds (;:—g,; > 0).

Furthermore, the mutual benefits resulting from secondary trades among funds can be
significant enough to outweigh the value reduction caused by narrower buy-sell spreads due
to increased competition. Specifically, when the secondary market search rate (\y) is high,
the expected value of each fund at the time of a new life cycle can rise in correlation with

the number of funds present.

Proposition 5. There exists Ef and a function Xs(kf) such that, if there are not too many
funds (k; < k¢) and the secondary market is liquid enough (As > As(ky)), then funds’ value

2Tn equilibrium, the number of secondary buyouts is given by n,— fe = Aspfnitfe. To estimate the impact
of a 1% increase in the search rate, A; = 699, we multiply it by p 7, = 0.0024, pr. = 0.0021, and the number
of corporate investors (102,626) to account for normalization (k, = 1). This calculation provides an upper
bound on the increase in the number of secondary buyouts since an increase in the search rate s reduces
the number of funds under selling pressure 1. and the number of fund buyers i fy,.
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: : : OV fn
increases in their number (;Tff > 0).

The proof of Propositions [f] and [f| obtains a closed-form expression for the marginal value

vy
(Car,;

To gain insights into the quantitative implications of Propositions [] and [5, we analyze
the expected value of a new fund (vy,,) in our model’s calibration. In [Figure 2| we present

the value of a new fund (vy,) across various numbers of funds (k) and different levels

) when ky ~ 0 and demonstrates its increase in the secondary-market search rate A.

of secondary market search rate (\;). The other parameters are kept constant at their
calibrated values. Notably, the vertical line at £k} and the curve for A7 correspond to the
observed number of funds and the calibrated search rate for secondary trades, respectively.

Intuitively, when the market consists of a small number of funds, the addition of a new
fund has a positive impact on the expected value of each fund, confirming Propositions
and ol However, as the number of funds continues to rise, competition among them becomes
more intense, particularly in the pursuit of intermediation opportunities. Consequently, this
heightened competition gradually offsets the benefits arising from complementarities.

Our calibration indicates that the PE fund value vy, increases with the number of funds
k. This relationship is evident in where vy, demonstrates an increasing trend for
the calibrated search rate A} with respect to k. An increase in the number of funds by 1%
a;lf: i—i = 0.07). PE fund values with SBOs
are 36.4% higher than those without SBOs. Despite acknowledging criticisms against SBOs,

leads to an increase in fund valuation by 0.07% (

our results show that SBOs contribute, rather than detract, to PE funds generating high
returns. Additionally, a 1% improvement in firms’ operation u; leads to a significant 6%
increase in a new fund’s value v fnﬂ However, a similar improvement in u, has a negligible

influence on fund value, with a sensitivity of only 0.68 due to the presence of a vibrant SBO

22The matching technology plays only a limited role in Note that in our model, the rate
of meetings between funds of type fe and fn is Agppnpife, and so scaling up the total number of funds ky
by 2 while holding the type distribution fixed scales up the meeting rate by z2 and the individual fund’s
meeting intensities by . The qualitative result (B;Tff" > 0) holds in general. Observe that the derivative %UT;‘
at kf ~ 0 in gets indefinitely large as A, increases. For any matching technology with increasing

returns to scale, if A, is sufficiently large and k¢ is small, then %vaf” > 0.

23The 20% improvement in operating profits (u ¢ = 1.2) is sourced from existing literature. However, the
6% increase in the value of new funds (vy,,), arising from a 1% improvement in operating profits (uy), is an
equilibrium object that must be calculated from purchase and sale prices, as well as the probability of selling
an asset before encountering a liquidity shock.
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Figure 2: Each graph shows a new fund’s expected value vy, for various values of the number
of funds kf. The topmost curve is for the calibrated value of the secondary-market search
rate A\; while the bottom two curves are based on the counterfactual parameter values. All
other parameters are fixed at calibrated values. The observed number of funds is k} = 0.02
(normalized by the number of investors). The increase in fund valuation Awvy, represents
the contribution by secondary trades, i.e., an increase of A; from 0 to the calibrated value
A =699.

market.

A further quantitative result is on funds exits by SBOs. When the number of funds
increases, an increasing fraction of funds exit through secondary trading rather than sales
of assets to investors . While it is obvious that the number of secondary trades
increases with the growth in funds, our model explains a tandem increase in the share of
exits through secondary trades. This pattern is indeed observed in the data. The share of
firms sold by PE funds through SBOs has increased from 13% in the 1980s, 19% in 2009, to
42% in 2017.

6 Other Equilibrium Properties

Corporations, PE funds and M&A practitioners keenly focus on the current and future

levels of activity in M&A markets. In this section, we develop properties for the equilibrium
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Figure 3: The share of fund exits by secondary trading (AW ;\;ﬂﬁi% - )

prices, spreads, and trading speed and volume, and show how these key metrics respond to
exogenous parameters, such as search frictions and transition rates.

We also analyze the welfare properties of the M&A market with intermediation and
demonstrate that the market exhibits search externalities. Slowing down M&A activity
among corporations can improve welfare by stimulating more PE activity. This allows exit-

phase funds to off-load assets, reset the life cycle, and quickly purchase new assets.

6.1 Fast Search Markets

The equilibrium analysis is sometimes obtained more easily in fast-search markets — i.e.,
economies with large search rates A = (Ag, Ay, As). We define and derive some key properties
of fast search markets in this subsection.

We set up a formal fast-search market as follows. Given any exogenous parameters
0 = (k,r,u,p,\), we increase meeting rates (Ag, As, A;), while preserving the relative ratios.
That is, we consider a sequence of markets 0% = (k, r,u, p, L), where LA = (LA, LA, L\;).
We analyze the steady-state solution (u’, v%) in the limit as L increases to infinity. To ease
expositions, we assume a regular environment: k, & {ky, kn + ks}.

We show below that the fast-search market limits are well-defined as the steady-state
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population measures uX converge (the convergence of v, as a linear function of u”, follows
immediately (see ((16])). The speed of convergence is O(1/L) which gives a precise sense of
how closely a fast-search equilibrium would approximate an equilibrium of the calibrated
market (in our calibration, L ~ 103, 000):

Proposition 6. (Convergence and Convergence Speed) Given a regular environment 0,
for any i € T, the population limit i = limp_.. ul and the convergence speed p;* =

limy oo L(puF — ) ewist.

The results in fast-search markets approximate a market with many participants. The
reason is that we normalized the total number of investors as k, = 1 and proportionally
re-scaled the number of funds and trade volumes. Let K, be the total number of investors
before normalization, with K; for ¢ € T, being the number of type-i investors. If each pair of
investors meet at a Poisson rate Iy, the total number of direct trading (say, per year), with
normalization, would be (l4K;oKnn)/ Ky = (LK) (Ko Ky) (Knn/ Ky) = (LK) totinn.-

Markets for corporate acquisitions commonly have many buyers, sellers, and interme-
diaries, such as in our calibration. Therefore, the closed-form expressions we can obtain
for fast search markets help us understand the quantitative equilibrium properties. In the
remainder of this section, while some results are general, others are obtained only for fast

search markets.

6.2 Welfare Analysis

The total welfare W can be decomposed into the sum of the welfare to the investors and
funds in the economy: W = W, + Wy, where W, = Zie% wiv; and Wy = ZieTf 1;v;. The
welfare measures, which are defined based on the players values, are naturally related to the

investors’ and funds’ payoff flows and gains from trades as follows:
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Proposition 7. (Equilibrium Welfare)

rW = HroUp + Kol f + Hfelle + Mo, (2>
Wy = fhotn + fioty + éfﬂloﬂfnploff@ — Xt (f oD fohn + ,U/fepfefhnly and (3)
sales ;o, funds purchases‘;rom funds
TWf = Hfouf + Hrele + \)\f,ufo,uhnpfofhn + Afﬂfe,uhnpfefhrﬁ - \)\f/fbfn,uloploffrﬁ
sales toﬂ;westors purchases J;orm investors

The first two terms for the investors’ welfare W, represent payoff flows to ho- and lo-type
investors. The next term represents the inflow from selling assets to funds. Only lo-type
investors sell assets to funds with the total rate Afpyoptsn, and at price pj,—f,. The last
term represents the hn-type investors’ payments to funds: ps,_p, to fo-type funds with the
aggregate rate of A¢fipnfifo, OF Die—nn to fe-type funds with the aggregate rate of Afpipnfise.

A similar interpretation explains the funds’ welfare W;.

Inefficiency and Search Externality To study the inefficiencies created by search ex-
ternalities, we turn to the fast-search equilibrium welfare W* = lim;_,oc W*. According to
Proposition 7, W* = pij up + p,uf + iWietie + fij,ur, where pif = limp_,o g, and the welfare
WE converges to W* at the same speed O(1/L) as u* (Proposition 6]).

We compare the fast-search equilibrium welfare W* against two extreme situations: an
autarkic economy with no functioning market or fund intermediation, and a centralized
economy with a planner moving assets across agents without search friction. In the autarkic
economy, a k, fraction among k,(= 1) corporations hold assets with no trades, resulting in

the welfare W such that rW = k,(kpup, + kjuy). In the centralized economy, a planner solves

TW = max UpoUp + Hrolbf + Hrele + oy,
uGRI

subject to  fino + fthn = Kn, o + pun = ki, and  (T).

The maximum welfare W takes into account exogenous type changes p, and pg but ignores
search frictions. The liquidity shock p. imposes no restriction on the planner who can transfer

assets between funds instantaneously. The planner can set aside an € mass of funds as type
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A kg <k, Boky<ky<kn+ky Cokp+kf<k,

Fiho = ka kn kn
o= 0 ko — ki ks

T, = 0 0 ko — Ky — Ky
i, = 0 0 0

Hho = kq kn kn

M;o = 0 k‘a — k‘h < k‘f
g 0 0 ko — Ky — ko
i, = 0 0 >0

Table 3: The population under fast search (1*) and the efficient allocation ().

fn and transfer assets to them when some other funds receive a liquidity shock. The mass
of fo and fe type funds remain the same. Consequently, the mass arbitrarily close to k¢ of
assets can be held by fo type funds.

The population measures r that achieves the maximum welfare is such that u,, =
min{kq, kn}, Tip, = min{ (ks — kn) ¥, ks }, fio = (ko — ky — ki)™, and i, = 0 for i # ho, fo, lo.
In essence, assets are allocated to high-type investors up to their steady-state population ky;
any remaining assets are given to funds up to ky; and the still-remaining assets are given to
low-type investors. The maximum welfare satisfies 7W = i, us, + ol + ot .

We compare the efficient allocation 7z (the upper part of with the fast-search

equilibrium population p* (the lower part of [Table 3).

Proposition 8. (Fast-search Market: Welfare) As L — oo, W* = limy_,o, WE:
A. If ko < kp, then W* =W, which is independent of ug, e, As, and Ag.

B. If ky < kq < ki, + kg, then W* = W, which is strictly increasing in us and independent
of Ue, As, and \g.

24The maximum welfare W is also achieved by a planner who is under the search friction, like agents,
but can choose not to execute some transactions. The planner’s problem is rW;,(\) = sup,< Ap<A Hholh +
Hfolhf + fifelle + ioUr, subject to p being a solution of P(k,r,u,p,\,). Fast search allows the planner to
achieve the maximum welfare approximately: i.e., W = limy_oo Wp()). Intuition will become clear after
The planner slows down the investors’ direct trading, eliminates search externalities, and
increases welfare to the maximum.
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C. If by + ky < ko, then W™ is strictly less than W, strictly increasing in Uf, Ue, and A,

and strictly decreasing in \g.

The characterization of the fast-search equilibrium welfare depends on the number of
assets (k,) relative to the number of potential buyers (kj, ks). A sufficiently large number

of assets (k, > kj + ky) gives rise to an inefficient fast-search equilibrium. The calibrated

Pu
Putpd

together with large meeting rates, suggests that the US corporate acquisition market is close
to Case C of the fast-search market ]

Suppose that the fast-search market has sufficiently many potential buyers (k, < kj,+ky)
as in Cases A and B (the first two columns in [Table 3). Fast search allows investors and

funds to quickly transfer assets from low-type investors (lo) and exiting funds (fe) to high-

pu and pg imply kj, = = 0.40 and an excess supply of assets k, > kj, + k¢. The result,

type investors (hn) and, in Case B, also to funds at the investment phase (fn). Accordingly,
the steady-state population p* equals the efficient allocation @ and achieves the maximum
welfare (W* = W).

The comparative statics of the welfare becomes trivial: the maximum welfare is dependent
on payoff flows (e.g., us) only if the corresponding type’s population (resp., jf,) is non-
zero. In either case, the impact of a liquidity shock is zero. Funds transfer assets without
holding any inventory (Case A) just like, e.g., in Rubinstein and Wolinsky, (1987); or, they
hold assets, but funds under liquidity constraints transfer assets to others through speedy
secondary trades (Case B), as is the case in Duffie, Garleanu, and Pedersen| (2005)). Under a
surplus of tradable assets relative to potential buyers (k, +k; < k,), as in Case C (the third
column in , the equilibrium is more interesting because, counter-intuitively, slowing
down investors’ direct trading improves the welfare (%—V/‘C < 0). Since investors or funds on
demand can quickly find sellers and purchase assets, there are negligible left-over high-type
investors or fund non-owners. Hence, a significant fraction of exiting funds (fe) will find it
difficult to offload their assets, and the welfare loss is 7(W — W*) = pf,(uy — ue) > 0.

In our calibration, the welfare gain by asset reallocations is 13.4%, relative to the autarkic
situation welfare W (see page [23). This welfare gain (W — W) attains 92.3% of the best

25The calibration result on the oversupply of assets is not sensitive to our choice of k, = 0.5. While a
choice of k, = 0.25 or 0.75 results in different estimates of p,, and p4, the oversupply remains about the same
(ko — (kp + k) = 0.08).
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possible gain (W — W). This fraction is lower than the gain in OTC markets for municipal
bonds as described in Hugonnier, Lester, and Weill (2020), likely due to higher search frictions
in the corporate acquisition market. The corporate investors’ percentage share of this welfare
gain is 74.7%, which leaves 25.3% to PE funds. The PE funds’ welfare share is very large
relative to their small number k; = 0.02.

The inefficiency is a result of investors’ search externalities on funds. A direct-trading by
investors takes away selling opportunities from exit-phase funds and leads them to suffer from
liquidity constraints for a long period of time. If the investors’ direct trading were absent, an
exit-phase fund could offload an asset, reset its type, and purchase another asset, all quickly

under fast search. This alternative scenario results in a more efficient asset allocation.

6.3 Trading Speed, Volumes, and Prices

Average Time to Sell Statistics about the average time on the market before deal closing
are widely available. We obtain below the closed-form expressions for the average time to

sell for investors or funds. Those expressions are used to calibrate the model parameters.

Proposition 9. (Time to Sell) Let 7y, and 755 denote the time to sell for investors and
funds. Then,

1
, (4)
Ad/fbhn + )\f,ufn

Bl = —— e () 5

_l_
)\fﬂhn+pe )\f,uhn—i_pe Afﬂhn—i_)\s,ufn

Elrs] =

For example, each seller-buyer meeting arrives according to a Poisson process, so the
time until the first meeting by a selling investor follows an exponential distribution with
parameter Agftnn, + Afftsn. A similar, but more involved, calculation gives the expected time
to sell for funds.

We observe from the data that a fund typically takes around 0.91 years of search to
sell an asset. However, when facing selling pressure, this time is significantly reduced to

L = L ~ 0.4).
Aflhn+Astfn (61.7x0.0141)+(699x0.0024)

approximately 0.4 years (
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Transaction Volumes The level of activity in M&A markets is an important metric
followed by in M&A practitioners. We now characterize the transaction volumes and how
they respond to exogenous parameters, such as search frictions and transition rates. We
obtain those results focusing on fast search markets.

For each submarket m € M, with a seller’s type s and the buyer’s type b, the trade

volume is nk = (LA, ) puluk.

Proposition 10. (Fast-search Market: Trade Volumes) For each submarket m € M, trade

volume in the limit 0}, = limy_,. nk is given by:

A ko <kn B ky<ky<kp+ky C kyp+kr<kg

Mo—tn = Ao P 0 Adftohthn
Mo—fn = Afhio Hpn Aflig W AfHiols,
Miomhn = AflFolhn Af ol Af ol
Nie—hn = 0 0 AfBelthn
Nfe—fn = 0 AsHFellpn AsHFellfn

where (i) u* denotes the population limit, and (ii) for type i with pf = 0, p* = limy_,o, Lyt
denotes the convergence speed.

With a large number of high-type investors (Case A), secondary trades are unnecessary
for funds; if the deficit of high-type investors is supplemented by funds (Case B), selling
wnwvestors resort to fund buyers and there are no investors’ direct trading, with an excess

supply of tradable assets (Case C), there are transactions in all submarkets.

The trade volumes under fast search follow from the convergence and the convergence

speed of population measures (Proposition 6). For each submarket m € M, because of

fast search, the steady-state measure of either buyers or sellers vanishes: i.e., uj,,.. = 0 or

lu:eller =0. It #’:eller = 0’ then 7751 = (L)‘m)lulguyerlugeller = /\m/”Lleuyer(L/”LsLeller) — )‘mMZuyer#’:leer
as L — oo. [Proposition 10| suggests that all submarkets are active under fast search only if

the market has an excess supply of tradable assets (k, > kj, + ky).
The trade volumes also identify the main drivers of the convergences of certain population
measures. For example, i}, = 0 in Case A could be due to the fact that (i) funds can rarely

purchase assets because of a vanishingly small number of selling investors (lo), or (ii) funds
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do acquire assets, but quickly re-sell to buying investors (hn). [Proposition 10| implies the

latter case; funds buy /sell a significant number of assets from/to investors in the fast-search
market and there are no secondary transactions (like middlemen in |Rubinstein and Wolinsky
(1987)). Similarly, the vanishing number of selling investors (lo) and buying investors (hn)
in Case B is the result of an efficient fund-investor trading rather than an efficient market
for investors’ direct trading — the number of investors’ direct transactions (n;,_,,,) is indeed

vanishingly small.

)\d )\f )\s (pua pd)(with a fixed ratio) Pe
Mo—tn + — 0 + 0
nl*offn - + 0 + 0
n;o—hn - + + + -
nj’e—hn - + - + +
Wit ~ + +

Table 4: Comparative statics of trade volumes. Each + (or —) indicates the corresponding
volume to be non-decreasing (resp., non-increasing) in the parameter, and 0 indicates that
the volume is independent of the parameter.

summarizes a comparative static analysis for trade volumes relative to search fric-
tions and transition rates’] Most results are intuitive. If investors’ types are more volatile
(i.e., larger p, and p, with a fixed ratio), assets will be transferred across agents frequently,
ultimately from low-type investors to high-type investors, with possible fund intermedia-
tions. Fast search among investors (i.e., higher \;) allows them to transact directly (i.e.,
higher n},_,..), resulting in fewer intermediation opportunities for funds. The parameters for
the secondary market (A\; and p.) only shift the population measures between fo and fe.
Therefore, these parameters do not affect the volume of investors’ direct trading (n;,_,,,) and
only shift volumes between two kinds of fund-investor transactions: n}, 5, and n},_,.

The positive response of 7},_,, to Ay is perhaps surprising. On one hand, a fast search

26The results follow directly from the expressions of x* and p** in|Table 3[and Lemmas and in

Supplmental Appendix, so we omit. As an example, take 1 _,. and Ag. Note that n; _, = Aguj, prs. In

Publy _ ___Pulty,
AabiotAs (Wiotute) = Xapf, sk’
Note that pj, and pj, are independent of A;. Thus, the volume 7} _, . is increasing in Ay because

9 A _
v (F%bfkf) =Arky > 0.

Cases A and B, pj, =0, so n;,_,,, is independent of A;. In Case C, uj; =
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between funds and investors (i.e., higher LA¢) orchestrates more transactions between exiting
funds (fe) and buying investors (hn). On the other hand, as funds are able to sell assets
before receiving liquidity shocks, fewer funds enter the exit phase, which could potentially
reduce the trade volume between exiting funds and buying investors. It turns out that the

former effect of Ay dominates the latter.

Spreads and Prices The performance of PE funds depends on the spread between the
prices at which funds buy and sell assets. A commonly used performance measure for PE
funds is the Public Market Equivalent (PME) introduced by Kaplan and Schoar| (2005) and
Sorensen and Jagannathan (2015)). We derive the closed-form expression of PME and use
it to calibrate the model parameters.

Sorensen and Jagannathan (2015)’s PME definition is for a model discrete time with a
stochastic discount. Our model is in continuous time with a deterministic discount, therefore
we define PME as

Present value of distributions to fund investors PV

PME = —
Present value of capital calls made by fund investors — PV’

where
PVyyw =F [e””/ e "u(t)dt +e P,
0
To+Ts
P‘/Z:alls = P‘/;)urchasing price + PVmanagement fees — E [Pbe_m—b} + E |:(be) / e_rtdt:| :
0

A fund that does not hold an asset takes 7, period of time until purchasing an asset at a
price of P, and takes 75 period of time (after purchasing) until selling the asset at a price P.

The management fees are paid retrospectively as if the flow of fees which equals a fraction
of the fund size (i.e., fP,) is paid throughout the fund’s lifetime. For calibration, we set
f =~ 2% based on Metrick and Yasuda (2010), which finds that management fees are usually
2% of committed capital and paid from the inception of a fund until its liquidation.

First, we obtain the closed-form expression of PVj. Since the time to purchase, 7, , is
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independent of the time to sell 75 (post-purchase) and the selling price P,
PVyy=F [e’”b] E {/ e "u(t)dt +e P,
0

where u(t) € {us,u.} denotes the payoff flow while holding the asset at ¢ € [0, 74].
A purchase of an asset occurs on meeting a corporate investor or a fund at the exit phase,
whichever happens first (7, = min{7,_fn, Tfe—fn}). 7 follows an exponential distribution

with parameter Ay, + Aspife. As such,

E [efrTb:| _ /\f,ulo + )‘st6 o7
)‘f:ulo + >\s/~Lfe + T

The fund can sell either (i) before receiving a liquidity shock to a corporate investor,
or (ii) after receiving a liquidity shock to either a corporate investor or a fund buyer. The

expected continuation payoff, upon receiving a liquidity shock before selling an asset, is

V.=F {ue (/ e""tdt) + e‘”ﬂPe} ,
0

where 7. denotes the time that the fund remains as type fe, and P, denotes the selling

price. Note that 7. = min{7fe_pn, Tfe— o} follows an exponential distribution with parameter

Aflthn + Asptpn. The probability of selling to a corporate investor /Wif% is independent
of the selling time 7.. Thus
V. = Ue >\f,uhn + )\s,ufn )\f,uhnpfefhn + )\s,ufnpfeffn
‘ )\fuhn_'_)\sufn_'—r )\f,uhn_'_)\s,ufn—i_r )\fuhn_'_)\s,ufn

_ Ue + )\f,uhnpfefhn + )\S,U/fnpfeffn
>‘f,uhn +)\s,ufn +7r ‘

Similarly, an fo type fund receives a payoff flow u; during a lifetime spanning 74, =

min{7s,_pn, 7 }. Eventually, the fund either sells its asset to a buying investor at price

N Y L
2TWe use (i) fot e rtdt = — | = 1= (i) for  ~ exp(a), Ele "] = Jo e maem % dr = %, and
0
(iii) for = ~ exp(«), fow e "dt=F [#} = orlkr'
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Pro_pp or receives a liquidity shock and a continuation payoff V.. Thus,

h )\ nP o—nn e‘/e
B { / e~ tu(t)dt + e PS} _ s+ Mt Propn + peVe
0 Aflhn + pe + 7

It follows that

)\fﬂlo + )\s,Uer
/\f:U“lo + )‘s;ufe +r

)‘fﬂhn"’)‘s,“'fn'i'r

5+A nP e— n+)‘8 nP e—Jfn
) U/f + Af:“hnpfo—hn + pe (u fuh L L N’f L L )

PV =
it ( )‘fﬂhn+Pe+7’

Following a similar analysis (see the Supplemental Appendix) we derive the closed-form

expression of PV_.s, which yields the following closed-form expression for PME.

Proposition 11. (PME) The PE fund performance is given by

PVdist
PME = ; 6
P‘/Calls ( )
where
’U,e+>\ nP e— ’n+)‘9 nP o fn
ist — Can
dist Aflhio + Asphfe + 1 Nl pe b7
1
PV - )\f:uloploffn + )\s,ufepfeffn 14 f 1 N 1+ Pe (W)
calls —
Aflhio + Asfhfe + 1 Aflhio + Ashhfe Afflhn + pe + T

We conclude this section by establishing various relationships among transaction prices

(see proof in the Supplemental Appendix).

Proposition 12. (Equilibrium Prices)

1. Pfo—in = Pfe—hn = Pfe—fn: funds sell at a lower price during the exit phase than in the

harvesting phase, and at an even lower price in secondary trading.

2. Dfo—hn = Plo—hn = Dio—fn- funds buy assets at a lower price and sell at a higher price

than investors.
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Funds that manage to sell assets before receiving liquidity shocks can generate positive
profits, from payoff flows uy and the positive spread pfo—psn — Pio— fn. However, if funds suffer
liquidity shocks before selling assets, they may incur losses ex-post because the spread at
the exit phase pfe_nn — Pio— fn can be negative, as is the case in our calibration.

Our calibration predicts that doubling the number of funds (ny) would yield only a 0.9%
decrease in the direct transaction price (pj,—nn). This highlights the importance of focusing
on the equilibrium because more purchases by funds empower selling investors and more sales
by funds increase buying investors’ bargaining position, therefore the final pricing impact
depends on complex equilibrium interactions illustrated by our calibration.

Finally, the sensitivity of prices and PME on flow payoffs are as follows:

A up, uy Ue
Dio—hn | 0.202 0.010 0.029
O, 6 Dio—fn | 0.180 0.017 0.038
[39]- I_z:| y = | Pro—nmn | 0.201 0.017 0.039
Dfe—fn | 0.180 —0.014 0.081
DPfe—hn | 0.202  —0.021 0.072
PME | —-0.004 0.092 0.010

A 1% increase in u;, would lead to transaction price increases for pio—pn, Dio—fn, and Pro—pn
by 0.202%, 0.180%, and 0.201%, respectively. The small changes in transaction prices imply
that the price spreads (i.e., the overall ratio of selling prices to purchasing prices) for funds
remain largely unchanged. As a result, even after considering price changes, the PME
(Equation 6|) experiences an increase in the fund’s flow payoffs.

7 Conclusion

We provide a search-based model of asset trading with fund intermediation. Funds in our
model intermediate between buyers and sellers at risk of selling assets under pressure, possi-
bly to other funds. Our paper offers a novel explanation of persistent intermediators’ returns

when the number of intermediaries increases. An increase in the number of buyout funds
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can lead to a reduction in the potential opportunities for each fund to trade with investors
in the primary market. However, it also offers increased opportunities to buy and sell assets
in the secondary market. As a result, in aggregate, the ex-ante expected value of each fund
at the beginning of its life cycle increases (%UTJ;" > (). This finding suggests that the benefits
gained from participating in the secondary market outweigh the costs arising from the po-
tentially more intense competition in the primary market. A well-lubricated private market
for corporate acquisitions can partly explain the recent shift in firm ownership from public
to private, predicated by |Jensen| (1991). Lower liquidity costs in a market for buying and
selling private firms help make PE ownership a form of governance that may indeed eclipse

public companies.
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Appendix

A Mathematical Symbols

Definition Notation
Number of investors k.,
Number of funds kg
Number of assets kq,
Flow Payoff for low type investors Uy
Flow payoff for high type investors up,
Flow payoff for funds in the harvesting phase Uy
Flow payoff for funds in the exiting phase Ue
(Model parameters)  Rate of low valuation shock Pd
Rate of high valuation shock Pu
Rate of liquidity shock Pe
Match intensity (Direct trading) Ad
Match intensity (Primary buyout) Ay
Match intensity (Secondary buyout) As
Discount rate r
(for each type i € T = {hn,In, ho,lo, fn, fo, fe})
Population of type ¢ agents Lbi
Value of type ¢ agents v;
Gains from trade between i,j € T Gi—j
(Equilibrium variables) Price of assets when i,7 € T trade Di—j

Funds’ Welfare
Investors’ welfare

(Total) Welfare

===

Table 5: Mathematical Symbols
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B Proofs

B.1 Proof for Part 1 of |[Proposition 1|

We reduce the number of variables and population equations in P(#) by imposing some

necessary conditions for a steady-state solution. Note that any steady-state solution p must

satisty pno + pihn = kn = puﬂ;‘pd and o + i = ki = pﬁpd (which we can obtain by adding

(u-ho)) and (u-hnl), or (u-lo) and (u-Inj), and apply k, = 1). If we substitute pn, = kn — ftan
and py, = n; — py, into (p-ho))-(u-fef), then we are left with the following three linearly
independent equations:@

(Adtthn + Afthgn) thio + Puttio — Pattho = 0, (from (p-1o}))
(Adbtio + Apfigo + Agphge) fthn + Pafthn — Publin = 0, (from (ju-hni))
_()‘f:uhn + Asﬂfn),ufe + Peltfo = 0. (from ‘)

We re-write the first two equations with respect to p, and pp,.

Lfo+ tife = ko — tiho — o = ko — (kn — pihn) — t1o  and (7)
fipn =k — (g0 + pige) =k — ko + kn — fthn + o, (8)
Then,
(Aaptnn + ANp(kp — ko 4 kn — ftan + o)) tio + puttio — pa(kn — pinn) = 0, 9)
(Adttio + Ap(ka — ki + thn — o)) oin + Pabinn — pu(ki — o) = 0. (10)

We show below that there exists a unique solution (p,, fin,) of @— such that (i)
0 S Hio S ]{?l, (11) 0 S Mhn S kh, and (111) /{Za—]{?f—k?h S Mio — Uhn < ka—k}h (fOI‘ 0 S Hfn S ]Cf)

28 Any other equation in P(#) is redundant, as it depends linearly on (u-lo)), (u-hnl), and (u-fd). Each
sum of the right-hand sides of (ju-ho)) and (u-hnl), or (u-lo) and (u-1n)) equals zero, which allows us to delete
1i-ho|) and (ju-ln)) without changing the solution set. The sum of the right-hand sides of (u-ful), (u-fo)), and

1i-fe]) equals zero, so we can delete (u-fn)). Last, the sum of the right-hand sides of (u-hol), (u-lo]), (u-fo)),
and (u-fe) equals zero, so we can delete (u-fo).
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Other population measures will be determined by pn, = kn — fihn, tin = ki — 0, and
fpn = kp — ko + ki — fihn + o (11)

We find the last two populations (fife, ftf,) by solving

Hfo = _Mfe+<kf_ufn)7 (fI‘OHl an+ﬂfo+ﬂfe:kf>
A Mhn+)\sun
pro = ; P pige. (from (-fd))

The unique solution is

ek - n )\ n /\s n - n
pelky =) g Wo:(fuh+ pn) (g = pgn) (12)

Hfe =
/ )\fﬂhn + /\slflfn + Pe )\flflhn + >\s/Lfn + Pe

Therefore, it remains to prove the following claim:

Claim 1. Let X(0) = {(z1,220) € R? : 0 < z1 < ki, 0 < 29 < ki, 0 < gpn(x) < Ky}, where
Gn(2) = ko — kp + 29 — 21. Also, define F = (Fj,, Fp,) : R2 — R? by

Fio(x) = (Nawa + Ap(kp — gpa(®))) 21 + puzt — palkn — x2),
Fyn () = (Aaz1 4+ Apgpn ()22 + paze — pu(ki — x1).

Then, there ezists a unique solution of F\(x) =0 in X(6).

We apply the Poincare-Hopf index theorem, a version in Simsek, Ozdaglar, and Acemoglu
(2007, p.194); see also |Hirsch| (2012)). First, X (6) is non-empty, compact, and convex@ The
boundary of X (0) is

0X(0) ={(x1,22) € X(0) : 21 = 0,21 = ki, 20 = 0,20 = kp, gpn(x) =0, or gsn(x) = ks}.

Second, the function F(z) is continuously differentiable at every z € R?. Third, the deter-

minant of the Jacobian matrix of F is strictly positive for every interior point of X (6): for

29The Poincare-Hopf index theorem also requires X (0) to be a 2-dimensional smooth manifold, which a
reader can easily verify by applying the identify function to the definition of a smooth manifold in |Simsek,
Ozdaglar, and Acemoglul (2007}, p.193).
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each x € R?,

[0F, R,
VF(z)= ;)Fi ;Fi
| 921 0o
[ Qamz + Ap(kp = gpa(2))) + Apzr + pu (Ad — Ap)w1 + pa
B i (Ad — Ap)wa + py (A1 + Apgpa()) + Ap22 + pa

and for any interior point x € X (0)\0X (),

det(VF(x)) >(Aagz2 + Apz1)(Aax1 + Ap22) + pudaZi + parata
— (A = Ap)x1ms — (Mg — Ap)(pawa + pun)
:)\d>\f(37% + .CE%) + 2)\d)\fx1x2 + )\f(pdlEQ + puxl) > 0. (13)

Last, we show that for every boundary point x € 9X(6), the vector F(z) € R? points
strictly outward of X (0). We partition the boundary 90X () into six faces (i.e., flat surfaces)
of X(#). For each face, we find an outward normal vector n € R? and show that the angle

between n and F(z) is acute (i.e., < 90) at any point z in the face:

1. (z; =0and 0 < 25 < k) n = (—1,0) is an outward normal vector, and n - F(z) =

pd(kh — $2) > 0.

2. (13 =0and 0 < 2y < k) n = (0,—1) is an outward normal vector, and n - F(z) =

pu(ky — 1) > 0.

3. (r1 =k and 0 < 25 < kj,) n = (1,0) is an outward normal vector, and

n- F(x) = (Aawz + Ap(kp — gpn())) ki + puks — pakn + pavs
> (Aawa + Ap(ky — gpa(2))) K (as puki = pakn)
> min{ A\gzoki, Ap(ky — gpn(2))ki}

As either x5 > 0 or zo = 0, we have kf — g, (z) = ky + kf — k, > 0, and n- F'(z) > 0.
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4. (xg =kp and 0 < 2y < k) n = (0,1) is an outward normal vector, and
n- F(z) = (Aaz1 + g (2)kn + pakn — puki + purr > min{Agz1kn, Apgpn (x)kn}.

As either z; > 0 or z; = 0, we have g, () =k, > 0, and n - F(z) > 0.

5. (9fn(z) = 0 and z; > 0) n = (1,—1) is an outward normal vector, and n - F(z) =
EO(Z‘) — F;m(l‘) = /\fk?fl’l > 0.

6. (9fn(z) = kf and 29 > 0) n = (—1,1) is an outward normal vector, and n - F(x) =
F}m(l’) — Eo(l’) = /\fk?f[L’Q > 0.

We are ready to apply the Poincare-Hopf index theorem in [Simsek, Ozdaglar, and Ace-
moglu| (2007, p.194). The Euler characteristic of X () is 1; see their definition on p.193 for
the case of non-empty and convex sets. follows immediately from the index theorem,
which completes the proof of existence and uniqueness of the solution of P(#).

It remains to prove:
Lemma 1. If p is a steady-state solution of P(0), then p; > 0 for alli € T.

The intuition of the lemma is simple. Strictly positive rates A = (Ag, Af, As) and p =
(Pu, pa, pe) allow the mass of investors and funds to flow across all types. Given 0 < k, <
k, + k¢, some fraction of agents are owners and others are non-owners. Investors who own
assets may have their types changing between high and low exogenously and non-owners
have similar probabilistic type changes. As transaction rates A = (Ag, As, As) are all strictly
positive, some investors can buy or offload assets after their types change. However, not all

investors can do so within any fixed time period. A similar idea holds for funds.

Proof. First, we show that p, > 0 and py;, > 0. It is clear that uy, = 0 if and only if 1, = 0.
If pup, = 0, then py, = 0, as only ho-type investors flow in type lo; conversely, if 1, = 0,
then pp, = 0 as the inflow to the type lo must be zero. Suppose, toward contradiction, that
Lho = 1o = 0. That is, all investors are non-owners. The in-flow from hn-type investors to
type ho must be zero, so it must be that s, = pre = 0. Then, pno + o + fifo + pife = 0, a

contradiction to k, > 0.
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Second, we show that p;, > 0 and pup, > 0. As before, it is clear that p;,, = 0 if and
only if pup, = 0. If gy, = 0, then pyp, = 0 as only In-type investors can flow in type hn;
conversely, if pp, = 0, then p;, = 0 as the inflow to the type hn must be zero. Suppose,
toward contradiction, that p;, = pp, = 0. That is, all investors are owners, which implies
that some funds are non-owners: iy, = k, + kf — ko > 0. Since A¢pyoptsn, > 0, some lo-type
investors change their types and flow into type In by trading with PE funds, a contradiction
to i = 0.

Lastly, we consider funds. Suppose that pf, = 0. As the inflow to type fo becomes
zero, it must be that pg, = 0, which in turn leads to no inflow by liquidity shocks to type
fe: ie., pge = 0. Such a case contradicts ky > 0. When puy, > 0, given strictly positive
population py,, the inflow of type-fn funds to type fo is strictly positive: Agpopi, > 0. As
such, fir, > 0, which in turn creates a strictly positive inflow by liquidity shocks to type fe:
fe > 0. O

B.2 Proof for Part 2 of |Proposition 1|

We first reduce the system P(#). For any initial condition p(0), a dynamic solution p :
[0,00) — R7 of the system P(f) satisfies, for every t € [0, 00),

fo(t) + pan(t) + puo(t) + pun(t) = ko(= 1),
fin(®) + Aol®) & 1ge(t) = by, and
,Uho( ) + :ulo( ) + :ufo(t) + Ufe(t) = ka~

Without changing the set of dynamic solutions, we can reduce the system P(0) for z(t) =
(Iuho (t)a Hhn (t)7 ﬂlo ,Ufo bym

&= F(x) = (Fho (7)), Fpn (%), Flo (), Fo (7)) (14)
30Tn the proof of Part 1 of we reduced F(z;0) = 0 further as a system of only two equations
in The reduction requires pp, + pho = kn = pu”:pd and o + pin = ki = d —, which hold in a

steady-state but may not hold on a path of u(t) after a perturbation.
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where

() = (ANdhio + Aphigo + Apptse()) ihn — Pattno + Pubtio;
() = —(ANattio + Aphtgo + Aptige()) an — Pabtnn + Puttin(2),
() = —(Napthn + Aptpn(2)) o — Puttio + Patihos
Fyo () = (Ao + Aspre(®)) tin(2) = Aptthnbtgo — petto, and
() =1 — ftho — Hhn — Hios
() = ka — Hho — Hio — Hfo,
(@) = ky = ppo — pye(x) = ky = ka + fino + tio- (15)

The reduction of the system P(6) does not change the set of dynamic solutions. If p is
a dynamic (either steady-state or not) solution of P(6), then = (fthos fhns os ffo) SOLVES
F(z;0) = 0; conversely, for any dynamic solution x of F(z;6) = 0, we can find a dynamic
solution p of P(6), from x and the induced 1y, jtfe, and pis,. Hence, a dynamic solution
of P(0) is asymptotically stable if and only if © = (tho, ftan, tios [1f0) 1S asymptotically stable.

A steady-state solution z of F'(x;0) = 0 is asymptotically stable if all eigenvalues of the
Jacobian matrix of F'(x;0) at the steady-state solution x have strictly negative real parts
(Hirsch), 2012)). The Jacobian matrix is

_ [9F(z)
i 1ije{hohn,lo,fo}
~XfHhn — Pd AvHio T Aflfo + Nfhlge (Mg = Ap)hn + pu 0
— Aflhn = Pu —Avbio T Aflifo + Aflife) — Pd — Pu (Af = Xd)Bhn — Pu 0
—AfHio + Pd —AdHio —Af(Hfn + Hio) = NaBhn — Pu 0
Afhio + As(ife — Hfn) —Afbfo Ap(Bpn + 1io) T As(Bfe — Hin) ‘ —XfHhn — AsHfn — Pe

where we omit the dependency of jif, and pif. on x to simplify the expression.

Due to the block structure, one eigenvalue is —Afpin, — Aspifn — pe < 0. The other
eigenvalues are the eigenvalues of the sub-matrix with the first three rows and columns. A
direct calculation shows that the other three eigenvalues are also strictly negative, which

completes the proof.
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B.3 Proof of |[Proposition 2|

First, we simplify expositions:

91 = 9fo—hn = (1/2)(Uho + Vfn — Ufo — vhn)a
92 = Glo—fn = (1/2>(Ufo + Vi — Vi — Ufn);
93 = Gre—pn = (1/2)(V0 + Vpn — vge — vpn) = (1/2)(v50 — vfe),

so that

Gro—hn = (1/2)(Vno + Vi, — Vi — Upp) = g2 + g1 and
9fe—hn = (1/2)(Uho + VUfn — Ufe — Uhn) =01 + gs.

The matrix representations of the value equations (v-hnl)-(v-fe]) are:

- _ [

Vho| _ |T +pd —Pd Up,

Vo | | =Pu THPu| Wt Aapnn(91 + 92) + Aptingo

- _ - -1 r

Uhn| _ |THpa —pa Adftio(91 + 92) + Aptirogr + Agtige(g1 + g3) and

vm| | = THPe] | 0 ’

Ufn_ 1 Aftiog2 + Asfhfeds

Vfo | = ; Uy + )‘f,uhngl - 2Pe93 ) (16)
Vfe | Ue + )‘f;uhn<gl + 93) + )‘s:ufngS

where the inverse matrix is well-defined: i.e., (r + pq)(r + pu) — papu > 0. As in the case of
k¢ = 0, we compute the gains g1, g», and g3. Then, the solution v will be uniquely determined

by the above matrix equations.

First, 2rgs = r(vso — vfe) = (Uf — Ue) — 2peg3 — Affhngs — Asitfngs, which implies

. Up — Ue
N 2r + 2pe + )\f,uhn + )‘s,ufn

g3 > 0. (17)
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Next,

2(g1 + 92) = Vo + Vin — Vip — Upn = (1, =1) - (Uho — Vnn, Vio — Vi)

—1
= [1 _1} rtpi —pd Up — Aaflio(g1 + 92) — Appirog1r — Aptise(91 + 93)
Since »
r+ — 1
S B N e LI I
~Pu T+pu T+pu+pd
we have

(2(r 4 pu + pa) + Aa(io + tinn)) (91 + g2) + Af(tigo + pige) g1 + Aphingo
= (un, — W) — Aflipegs. (18)

On the other hand, by (v-10]), (v-In)), (v-fu)), and (v-fd)),

2rgy =r(vo — Vpn) — (Vi — Uty)
= (ug + Appan1 — 20eg3 — MflhioG2 — Ashifeds)
— (w4 Aaptrn (91 + G2) + Apperng2) + pu(Vho — Vio + Vin — Vnp).

AS Vo — Vip + Vi, — Upn = 2(g1 + G2),

(2pu + Aapinn) (91 + 92) — Appinngr + (21 + At + Apfifn) g2
= (uf - ul) - (Qpe + )‘slufe)g& (19)

The linear system of equations and is summarized as follows:

c1 4 A(tgo + pse) e+ Aphipn

Cy — )\f,uhn c2 +2r+ )‘f(,ulo + ,ufn) g2 Uy — U — 2p693 - )\s,ufeg3

[91] _ [ Up — U — )‘f,ufegii (2())

where ¢; = 2(r + pu + pa) + Ao + ftnn) > 0 and ¢o = 2p, + Agfinn > 0.
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The determinant of the coefficient matrix is bounded below by
2rey + Appign(cn — cg) > Ar? + Appepn (27 + 2pa + Natuo) > 0.

Thus, the above linear system has a unique solution (gi, go). This solution, together with

g3, determined the unique solution v of V(). |

B.4 Conditions for positive trade gains
The gains from trade are all positive if and only if
91 = Gro—mn = 0 = (c2+ 21 + A(tio + pyn)) ((un — wr) — Agigegs)
= (er+ Appgn) ((ug — w) = (2pe + Asprge)gs) 2 0. (21)

G2 = Glo—n > 0 <= — (o — Apptnn) ((un, — W) — Apfipegs)
+ (e + Appgo + ppe)) ((up — w) = (2pe + Aspige)gs) 2 0, (22)

Note that both expressions depend on the steady-state population measure p.

B.5 Proof of |[Proposition 3|

B.5.1 Part1l

Let (u(6),v(0)) be the unique steady-state solution of population and value for each market
0. We compute the comparative static derivatives with respect to A;. It is intuitive that
the unique steady-state measure of each investor type (u;)ic7, and the measure i, are
independent of ;. Through a secondary trade, one fund changes its type from fe to fn,
replacing another fund of type changed from fn to fo.

To confirm the intuition, from the proof of [Proposition I} take the unique steady-state
solution x(6) = (116(0), prn(0)) of F(z) = (Fio(z), Frn(x)) = 0, where

Fio(z) = (Aaza + Ap(kp — gpa(2))) 21 + puts — palkn — 2),
Fin () = (Aaz1 4+ Apgpn ()22 + paxe — pu(ki — x1).
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By Implicit function theorem, z(#) is differentiable in A, and

0xz(0)
s

_1 OF (x(0);0)

= — [V, F(x(6);0)] O\,

We denoted the domain of F'(x) by X (6) in the proof of The unique solution z(0)
of F(z;6) =0 is an interior point of X (), as shown in for the case of k; > 0 and
in the proof of Part 1 of for the case of kf = 0. As a result, we have shown in

the proof of [Claim 1] the Jacobian matrix VF(z) at the unique solution z(6) is invertible.
OF ((0); ) H __ 0a(0) [amo(e) O,

Then,
0
_ Y. 23
o Db (0)/01, H (2]

For other types, it follows from pis,(0) + ppn(0) = kp, and 1y,(6) + w1, (0) = k; that a‘g—f\ia) =
8”5—;:@ =0, and from fipe(0) + p10(0) + (kf — p150(68)) = ky that 8“8’?—;5(0) = 0. Lastly, from ([12)

and pufo + ppe + fipn = ky,

Opse(0) _  —pelky = psn(0))psm(0) _  Opsol0) (24)

OAs (Pe + Aptinn(0) + Asprpn(0))? OAs

From the definition of g3 on p. and |Equation 17],

O\

2(uy — ue)
2r 4 2pe + Affhn + >\s/1fn.

Vfo — Vfe = 20fe—fn = 293 =

The comparative static derivatives show that pp, and gy, are independent of A;. Thus,

8(Ufo_vfe)

s < 0and limy, o0 (vo — vfe) = 0.
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B.5.2 Part 2

8ufo( ) 0ufe(9)

The above comparative static derivatives with respect to A, show that > 0, < 0,
and 8’“ =0, for all i # fo, fe. Thus,
W) Ounl0)  Ounl8)  Oupel0) | Ousld)
L V) V) W S W A7) W
_ Opgo(0) (g0 + pige)(9)
= 8)\8 (Uf — ue) + 8}\5 Ue
Opiro(0) Opsa(0) Ipiyo(8)
= (';T(uf — ) — (;Tue = gT(uf —u.) > 0.

B.6 Proof of |Proposition 4| and [Proposition 5|

Recall from that the steady-state population is determined by a solution of F'(z; kf) =
(Flo(; ky), Fan(z; kf)) = 0 where

Fio(w; k) = (Aawz + Ap(ky — gpn(2)))21 + putts — pa(kn — 22),
Fin (23 kp) = (Aaw1 + Apgpn (@)@ + pazz — pu(ki — 1),

and g, (z) = k, — k, + 22 — 1. We extend the system F(z;ks) = 0 such that k; can be any
real number and x can be any real vector of length 2. Each solution x = (z1,z5) defines a
vector f1 = (f1:)ieT aS (Hios Hhny Mins fho) = (T1, T2, ky — 21,k — 29) and (pfn, fso, fie) DY
and . According to if ky > 0, a solution exists in certain domain (denoted by
X(0) in the claim) such that the resulting vector u is a steady-state population. In general,
without any restrictions on kg, the vector © may not even be positive.

The proof consists of three steps. First, for £y = 0, we find a population measure [
such that & = (fuo, fnn) solves F(x;ky) = 0. Second, by Implicit Function Theorem, we
differentiate a solution function z(ky) defined in the neighborhood of ky = 0 and = = #, and
I — Opi

obtain the comparative static derivative

= for each ¢ € T. Last, we prove the
f k=0

following claim:
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Claim 2. There exist B1 > 0 and (2, each being independent of g, such that

ov fn
Ok

= BiAs + Bo.

k=0

Then, |Proposition 4] and [Proposition 5| follow immediately.

B.6.1 A benchmark model (k; =0)

We set ji; = 0 for every fund type ¢ € T;, and impose

/Aj'ho = kh - ﬂhn7 ﬂlo = ka - ﬂho = ka - kh + ﬂhny and
[Lln = kl - ,alo = kv - ka - ,[Lhn-

By substituting the above expressions of [i;, and /i, in
Adfliofthn + Paftin — Puflin = 0, (p-hnl)

we obtain

,ahn:%(\/(R+ka—kh)2+4R'l€h(1—ka)—(R+l€a—l€h)), (25)

where R = %@ It is clear that & = (fuo, ftnn) solves the system F'(x;ky) = 0.

B.6.2 Comparative static derivatives of ;; with respect to k¢

We apply Implicit Function Theorem. F(z;ks) is an infinitely differentiable function of
z € R? and k; € R, and the Jacobian matrix V,F(#;0) is invertible (see [Equation 13).
As such, there is a differentiable function x(ky) defined in a neighborhood of kf = 0 and
x = & such that F(x(ks); k) = 0. It is important to note that the derivative of z(ky) at any
ks > 0 is independent of the choice of the function z(ky); [Claim 1| ensures that any choice
of a function x(ky) gives the same value of x for each k; > 0.

As explained above, the function z(ks), together with and (12), defines p(ks) =

46



(11i(kf))ieT, which is also differentiable. Let 1} = 2 . for each ¢ € 7. Then,

= Oy [y,
; 4 O0F(z;0
:U’,lo - _ [va(i,’ 0)] 1 (l’, )
:U’hn 8kf
~1
_ |+ Ao+ pu (Aa = Ap)fuo + pa Afftio (26)
(Ad — Ap)ftnn + pu Aaflio + Affbnn + pa 0

Also, M;Lo = _ljém and lugn - _,UEO'

From ,

M;‘n =1- :u?m + lugo
_1_ 1 [1 _1} Adflio + Npfinn +pa *| [ Apflo

B Arfuio (Adfuo + Nafthn + pa + pu)
det(V,F(z;0)) ’

=1

where

det(VoF(2;0)) = (Aafthn + Apflio + pu) (Naflio + Affinn + pa)
— ((Aa = Ap)finn + pu) (Aa = Ap)fuo + pa)
= (Aaftnn + pu) Apfinn + Apitio) + (Apfinn + Afilio) (Aaflio + pa)
= (Arihn + Apflio) (Aaflio + Aafthn + pa + pu) -
It follows that A
Hhn

S 0. (27)
Hhn + Hio

Hin =
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Next, implies fi7, = A stnntAstpn)(kr=tign) Thus,

AfHhn s fntpe
r_ (1 - :ulfn)(Af:&hn) . )\f,&hn,&lo
Ko = ~ = ~ ~ = > 0,
Pe + )\f,uhn (pe + )\f,uhn)(:uhn + Hlo)
,Oe/llo
Wie =1 — Wy — iy = ( > 0. (28)

Pe + )‘fﬂhn)(/jhn + ﬂ10)
B.6.3 Proof of [Claim 2

From , TVfn = AflioG2 + Asfifegs, Where go and g3 are determined by and ,

respectively.

and ¢/, = aang for m = 2,3. Then

/ _ 6’Ufn
Let 0%, .
kep=0 kp=0

= Oky

10 = A (G2btiy + fliogh) + As (G317e + fiseds) -

We find the value of each variable on the right-hand side of the above equation. For certain
variables that we will use later, we remark whether the values are strictly positive and/or
independent of A;.

We have observed the following properties:

1. (from ([25)) the population i = (u;);e7 is strictly positive for corporate types, zero for
fund types, and independent of A,

2. (from , , and ) the derivative ' is independent of A,

_ Uf—te o = —f—Ue o=
3. (from (17)) As g3 = TS s wr L have g3 = 5o U and ¢4
(A fBhnFAs,,) 3 . .
—m, which are 1ndependent of /\S.

It remains to find the values of g and gj.
To state how go is determined by (20)), let ¢1 = 2(r + pu + pa) + Xa(tio + fnn), 2 =
zpu + )\duhna and

D= e+ Ap(fafo + Hye) 1+ Afbpn

C2 — Afhthn C2+ 21 + Ay (fuo =+ fifn)
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Also, let a; = %(QDI) and ap = %(“D). Then,

go = aq (up —uy — Afﬂfegi’m) + o (Uf — U — 2peg3 — Asﬂfegzs) .

Note that, when k¢ = 0,

61 = 2(7’ + pu + ,Od) + Ad(ﬂlo + ﬂhn) > 07
Cy = 2pu + /\dﬂhn >0,

. ¢ ¢
D=\ ' b (with a strictly positive determinant),
Co — Apfipn  Co + 21 + Apf,
—Co + Apflnn :
oy = M (the exact value is unnecessary for our proof), and
det(D)
¢1 1
2 = = - -
det(D) 21+ Ag(fuo + finn)

> 0, (29)

which are all independent of ;. It follows that go = Gy (up — w) + do(ur — w — 2pegs) is
independent of A;.
Last, let ¢}, ¢}, o, and o, be the corresponding variables’ derivatives: e.g., ¢, = 2%

Ok |gs=0"

The derivatives are all independent of A, because 1 and i are independent of \,. Therefore,

Gy = (up, — wp — Afpfipeds) — @1)\f(u}e§3 + fifeds)
+ o (ug — g — 2peds — Asfifeds) — G2 (2pegs + Nspsels + Asiigeds)
=0} (un — ) = Qi dpppegs + 0 (ug — w — 2pegs) — Go (2peds + AsptpeG3) - (as fige = 0)

Only the last term —ao (2pegg + )\S,u}egg) is (affinely) dependent on A, through —dop';,gsAs

/ / A !
;o (Af By HAs 1, )3 ;o P 2peplly, ,
and g3 = 2r+2pe+Aflpn As SUCh7 9o = 71)\5 + V25 for Y1 = Q233 27 +2pe A fitm l’[’fe

and some 7, which aggregates all remaining terms. Both 7; and 7, are independent of A,.
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Finally,

10, = A (Gabtiy + fliogh) + As (G3se + fiseds)
= Ar (G240 + fuo(As +72)) + AsGsttye  (as fige = 0)
= (Mfuoyr + Gaptse) As + (Apdattyy + Apfuoya),

where the coefficient of \; and the last term are both independent of ;.

It remains to show that the coefficient of A, is strictly positive:

2petl}y,
2r + 2p6 + )\fl&hn

> = ApfioGagspls, + Gaplye (a8 flio, G2, §3, (s, finn are strictly positive)

Atfioyr + G3pse = AfflioGiags ( - M/fe) + g3tz

= oG (1 — Apéiafiio)

R Affio
~ st (1 o) (fom @)

27+ Ap(fuo + finn)
> 0. (as pf, and gs are strictly positive)

B.7 Proof of [Proposition 7|
FiI‘St, from ""

Wy =1 (fhoVho + HhnVhn + HioVio + HinVin)
:,Uho<uh + pd(vlo - vho)) + ,uhn()\d,uloglofhn + )\f,ufogfofhn + )\f:ufegfefhn + Pd (vln - Uhn))
+ ,Ulo(ul + )\d,uhnglofhn + )\f,ufngloffn + Pu (Uho - Ulo)) + HinpPu (vhn - Uln) .

We substitute 9fo—hn = Vho—VUhn—Pfo—hn;s 9fe—hn = Vho—Uhn—Pfe—hn;s Jlo—fn = Plo—fn—Vio—Vin,
and gio—pn = (1/2)(Vho + U — V1o + Vpy). Then, follows from

Wy — (fhottn + foti + A ffoft frDio—fn — A fihn (L foD fomhn + HfeD fe—hn))
= (puttio — Pattho) Vno — Vio) + (Puttin — Putthn)(Vhn — Vin)
+ tnn(Natiio + Aptigo + Apire) (Vno — Unn) + Hio(Adbnn + Agfipn) (Vin — Vio).
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The combined coefficient of vy, on the right-hand side of the above equation is —pgtip, +
Putbio + fhn(Ndtho + Afftso + Afpige), which equals the right-hand side of the population
equation (ju-hol), so it is zero. We can similarly verify that the combined coefficient of v; for

1 = hn,lo,In are all equal to zero.

Second, we obtain from all population equations (u-hnl)-(u-fe) such that

W — (Hholn + fLpotly + fhpete + fl1oUy)

= (Puttio — Pattho) Who — Vio) + (Pubtin — Pabthn) (Vhn — Vin) + Pefifo(Vie — Vo)
+ fonn (Nathio + Aptiro + Aptise) (Vno — Vnn) + tio(Naftnn + Aptt ) (Vin — Uio)

+ ((Afto + Asttpe) fifn = Aphnnbifo)Vso

+ Ap(Hhntifo + Phnttfe = Hioftfn)Vfn — (Afthn + Ashpn) fheVse-

As before, we can verify that the combined coefficients of v; for each ¢ € T equal the right-
hand side of the type’s population equation, so it is zero.

Lastly, the expression for Wy follows from W; =W — W,.

B.8 Proof of |[Proposition 9|

First, consider the path of a lo-type investor in a steady-state equilibrium. This investor can
sell its asset upon meeting either a buying investor (hn) or a fund buyer (fn). Each kind of
meeting arrives with Poisson rate Acfin, or Agpif,. The time until the first meeting of each
kind, denoted by 7jo—pn and 7j,_f,, follows the exponential distributions. Thus, the time
until selling 75, = min{7,_pn, Tio—fn} follows an exponential distribution with parameter
Aetthn + Appipn. Hence, E[rs] = m

Second, consider the path of a fo-type fund in a steady-state equilibrium. The fund sells
its asset before receiving a liquidity shock to a buying investor (hn) or receives a liquidity
shock and enters the exit phase (after which it can sell to either a buying investor (hn) or
a fund buyer (fn)). We denote by 7y, this period for which a fund maintains its type as
fo. The time 7y, follows an exponential distribution with parameter Afup, + p.. Hence,

Elrro) = spme

Finally, we evaluate the path of an fe type fund (an outcome of an fo type fund receiving

51



a liquidity shock before meeting a buying investor with probability )\fﬂf s ). The fe type

fund maintains its type until it sells its portfolio asset either to a buying investor (hn) or a

fund buyer (fn). Thus, the fund maintains its type for the time period 7., which follows

1

an exponential distribution with parameter A spn, + Aspifn. Hence, E[7s.] = By vt

As a result, the overall expected time for a fund to sell an asset is:

1 Pe 1
FElrer| = + .
721 Aflthn + Pe Apfihn + Pe (Afmm + Asufn)
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Supplementary Appendices (Not for Publication)

In [Appendix SA.1| we present the proofs of results related to the fast search market. Next,

[Appendix SA.2|derives a closed-form expression of Public Market Equivalent (PME). Lastly,

[Appendix SA.3|provides several estimates of the time it takes for buyout funds to sell assets.

SA.1 Proofs on the Fast Search Market

SA.1.1 Proof for Part 1 of |[Proposition 6|

For any regular environment 6 = (k,r,u, p,\), we consider a sequence 6% = (k,r,u, p, L))
with L — oo. Let u* be the unique steady-state solution of P(6%) and v” be the unique
solution of V(#*) with u(t) being replaced by pul.

In solving P(A%), it is more convenient to take 2 = 1/L and define another market
v* = (k,r,u,zp, A). (i.e., low type-change rates, instead of high search rates) and solve
P(¢?). Tt is easy to verify that the unique steady-state solution u* of P(6%) also uniquely
solves P(¢?). Last, define ¥ = (k,r,u,0, \).

Lemma SA.1. i’ € R7 is a steady-state solution of P(°) if and only if

1. (’when kf + kp > ka} :u?m = min{ka?kh}? :u?vm =k — :uiozo? :u?o =0, :u?n = kl? II’L?O =
max{0, k, — kn}, i3, = 0, and p}, = kg — p$, — p1,.-

2. (when ky +kyn < ko) i3, = kn, i, = 0, p13, = ka — kn — kg, pp, = ki — iy, p$, = 0,
and /f}o + /f}e = ky.

The problem P(¢°) has multiple steady-state solutions in Case 2 (k; + ky, < k), where
many possible combinations of (fi o, fife) satisty pr, + pire = ky.
(Proof) The problem P(¢°) consists of

(Mdttio + Aptigo + Appige) finn = 0, (from (ju-ho)))
(/\dluhn + /\f:ufn),ulo =0, (from "
)‘f (:ulo,ufn - Mhn:ufo) + )\s:ufn,ufe = 07 (from "



and the following four conditions that replace (u-hnl), (u-lof), (u-fe), and (ju-fn):

,uho—i_/ﬁhn:kha ,ulo—i_,uln:kla ﬂho+ulo+ﬂfo+ﬂfe:kaa and ﬂfn+ufo+ufe:kf

It follows from Ag, Af, Ag > 0 that pyefinn = tofthn = Lfelthn = tiofbfn = Linttfe = 0.

Suppose that k¢+ky, > kq. If p, > 0 or pge > 0, then gy, = 0 and pp, = 0, which results
in a contradiction: fipe + (fro + fiye) = kn + ky > koo AS pyo, = pge = 0, either py, = 0 or
Phn = 0. AS lho + flio + ffo + fife = ko > 0, if pp, = 0, then pp, = kq; for otherwise iy, = 0
implies that pp, = kp and pir, = kg — k. On the other hand, if kf + ky, < kg, then py, > 0,
which implies that pp, = pir, = 0. Thus, pne = kn, pigo + pire = kg, and pyo = kq — k, — ky.
|

The following lemma implies that lim;_,., u* exists in ]RI:
Lemma SA.2. There exists a solution u* of P(¢°) such that p* = limy . pt.

(Proof) For each z = 1/L, let F(u,v*) denote the right-hand sides of the population
equations — for a market ¢* = (k,r,u,zp,\). Define f(u,z) = —||F(u,v?)|,
where ||-|| denotes the Euclidean norm. It is clear that u* with L = 1/z is the unique
maximizer of f with the maximum value equal to zero. Let M (z) = {u!/?}.

We similarly define F(u,1°) as the right-hand sides of the population equations for
the market ¢° and f(p,0). Let M(0) be the solution set of max, f(u,0). According to
[Lemma SA 1] the solution set M (0) is singleton if ky, +k; > kq; for otherwise, M (0) contains
multiple solutions, each being different from others only in (jif,, ft7e) under the constraint
fifo + fige = k.

The function f is continuous in p and z because the equations F' are continuous. Then,

Berge’s Maximum Theorem implies that M (-) is upper hemicontinuous at z = 0:

1. (when ky, + k; > k,) p* converges to the unique solution of P(¢°).

2. (when kj, + k; < k,) for each type i # fo, fe, the population ul converges to u given
in [Lemma SA.1} and ,u]L»O + ,uJLce converges to k.

It remains to show that, when kj,+k; > k,, the sequence u]’%e converges. (The convergence

of u}LcO follows immediately from limLﬁoo(MJLeo + M}%e) = ky)

2



For every L > 0, L(Aspigy, + Asptf)1i5e = pelky — pf, — pf,) (from (u-fe)), which implies

L
L pe(kf - ﬂ’fn)
_ . SA.1
e e ¥ L, + Astfy) S
We find lim;_, L()\fpﬁn + )\Spjfn from
Lty (Nattig + Ay + NpHfe) = —Pabtyn + Pultin, (from (ju-hm))
LNty + Aptifa)bio = —Pubio + Ptz (from (o))
By the convergence of uF for i # fo, fe, and the convergence of u]Lce + ,u]LcO to ny,
. Puttin
lim Lyt = —222  and
L—o0 Hhn )\d/.szo + )\fk'f
: Paltho — Pultiy _ Pdbn — Pulliy _ Pultin
lim LOul + Aepk ) = = = )
(3, F ot + Asitz) Hio Hio Vi
It follows that
: AsPull], AdAs Pully,
1 L\ L )\s Ly _ in A — In
210, PO K ) iy TN ) Ny + Ay
wlt, A+ Ak
:pljln f:uio+ f>0
Hio Adfty + Apky
Therefore,
k
x s L _ f * *
Hye = ngrolo”fe ] o Pubn Mgt Asky and - pizo = Ky = e
Peliy AdbiptArks
[ |

SA.1.2 Proof for Part 2 of [Proposition 6|

We divide the proof into two lemmas.
Lemma SA.3. For every i € T, if uf =0, then u* = limy_,o, Lyl exists in R.

1

(Proof) The following table summarizes the population limits for some types from

3



[Lemma SA. 1l and [Lemma SA.2;

A.ka<kh B.]{?h<ka<k}h—|—]€f C.]{?h+kf<k3a

Lo = ka kn kn
iwio= 0 ko — ki <k

u = 0 0 ko —ky—kp
w5, = 0 0 >0

As pj, and gy, are always strictly positive, the following step considers only other types.

Suppose p;, = 0 (Cases A, B, and C): for any L,
Lttty + ApiFo + M) i = —Pabtiin + pultiy-  (from (u-hm))

By [Lemma 1} % > 0 for every i € T,

Pultin, = Pattin (SA.2)

Ly, =
Hi Nty + gk, + Appif

bk

— = l}ggo L,uﬁn _ Pullyy, — Pdlpy, o Pulbyy, > 0. (SA3)

Natty + M (150 + 1050)  Napi, + Mg (i, + 15,)

Suppose pj, = 0 (Cases A and B): for every L,

(it + A1) (L) = pailey — puptl. (from (1))

It follows that . . X
Palpo — Pullyy Pl

Nty + Al Adby + At

fig = lim Ly, =
L—oo
Suppose ;. = 0 (Cases A and B): for every L,
(Asttrin + Asttfn) (Litf.) = pepf,.  (from (u-fe))

It follows that

. Pellfo
o= lim Lpj, = :
e = s e T g g,




Suppose uy, =0 (Case A): for every L,
LAty + Astife)ttf = LA gtz fify + petify.  (from (u-fd))
It follows from the convergence of Ly and L,uJLce in Case A that

o (L) + AL ) g = pebtfe  (Aphia + Ashli) i
W = lim Lpf, = lim 7 = " .
L—o0 L—o0 )‘f“hn )\f,u,m

Finally, suppose 7}, = 0 (Case C): for every L,

Hinbfo + Himttfe = Hiohfy-  (from (u-fo)))
As pl > 0 (Lemma 1)), we have

o Lui (g, 4 pf)

Lyk, = o , (SA.4)
lo
It follows from the convergences of Lu¥ that
L L L + L Sl (TR,
it = lim Lub, — lim uhn(ufz i) _ uhn(ufo* Hie) (SA5)
L—o0 L—o0 Mo Hio
|

Lemma SA.4. For anyi € T, if uf > 0, then p;* = limy_,o L(uF — pf) ewists in R.

(Proof)
First, consider Case A (k, < kx): Only pj,, i}, i, are strictly positive. As L — oo,

Lty = tino) = L(ka — piy — 5, — o) — Lka — piy — 15 — 15) = —1iga — 1o — [i5e,

where the convergence of Ly, Ly}, and Luf, holds by [Lemma SA.3|



We similarly find the convergence speed for MJL% and pl

L(pk, — 15,) = Lky — pf, — pf) — Llky — 1, — ph.) = —pife — pfs,  and
L(pgs, — pig) = Lk — piy,) — Lk — p1y,) = — e

Next, consider Case B (kj, < k, < ki + ky):
Only 1155, W50, Hy,» and w3, are strictly positive. As L — oo,

Ltz = o) = Lk — pign) = L(kn = pi5,) = —fii

Lpigy, — piin) = Lky = pig) — L(ky = pg,) — —piis

L(puf, — 130) = L(pf, — (ka — kn)) = =Lyt — Lysf, — Lk, — kn)
— —Hip — He + [y, and

L(pf, — 1h) = L(pf, — (kf — ka + ki) = —Lpf, — L(pf, — (ko — kn))
= —e + (o + Mo = Hipn)-

Finally, in Case C (k, + ky < k,), we have pj,, i, i, W5, and p3, that are strictly
positive. The proof for the first three types are similar to the previous cases: as L — oo,

L(pry — tno) = L(kn — pir) — L(kn — p5,,) = — g,

L(pg, — piy) = Lpgy — (ko — kn — ky)) = —L(u5, + 15 — ky) — Ly, — kn)
= = M (SA.6)
L(pg, — piin) = Lky — pig) — Lk — i) = = = wn — - (SA.7)

It remains to show the convergence speed for pif, and pf,. On the one hand, from (u-fe]

and the convergence of yif,, uf,, Luy,, and Luf,, we have
LN+ At 1fe = peitf, and  (Apfihn + Nsflhh ) Hye = Peltfo-
Let ¢* = L(A gy, + Astf,), and ¢ = Apppr + Agpfr,. Then,

peL(pf, — 15,) = ¢ Lpf, — ™ Ly, = L(®" — ¢** ) g + 0™ L(puf, — 1) (SA.8)



On the other hand, from ,uJLcn + MJLCO + ,uJLce = ky and pj, + pj, = ky, we have

Ly, — 13o) + L(pfe — whe) = — Ly, (SA.9)

By summarizing ) and - for every L,

-1
R 1 —L,uJLcn
pe =0 |L(6" = o™up ]
where the inverse matrix is well-defined because ¢** > 0 (see (SA.3)) and (SA.5))). Note that
Ly, and ¥, converge (see (SA.5) and [Lemma SA.2). It remains to prove that

[L(ufc‘o — 115,

L(pf, — 15.)

L(¢" = &™) = ApL(Lpy,, — pie) + AL(Lpt§, — pi5,)  converges as L — .
From (SA2), (SA3), uj, = 0, and 3, + p3, = k7] we have

L(Luk — ) = pulily, — palpy,  pu(Lps,)
I Ny A+ A, + pg) Napg, + Agky

To ease expositions, let AL and A* denote the denominators in the above equation. Then,

ey Pulpiy, — palpy,  pulis,
L( Lty — ) = l . l

hn

AL A*
- AL utin AL A*
~puLpl, = uih) — palu, . AaL(pg, — pf,) — Ap Ly, A1
- AL - pulu‘ln ALA* ) ( . )

which converges by (SA.3), (SA.5), (SA.6), and (SA.7).
Then, from (SA.4), (SA.5), and p}, + p}, = ky, we have

ok Llu’ﬁnL(:uLo + ML6> M nLk?
L(Lpfo = ) = ué ’ s L
lo lo

31Recall that we are considering Case C (kp, + ky < kq).




Then,

o Lwn L(pf, + pige — k) LPpk ky  Lughk

Mo Mo o
(L) (Lpga) - L(Lpji, = pim)ky | Litinky Ly
= L + L T *
Hio Hio Hio Hio
_ (L) (Loig) DLy, = pin)ky ik L = 1f,)
uh Hio A
which converges by (SA.3), (SA.5), (SA.6), and (SA.10). [

SA.1.3 Proof of [Proposition §|

By|Lemma SA.1jand|Lemma SA.2} if k, < kp-+ky, then py, = min{k,, ks }, Wrp = max{0, k,—

kn}, 5. = 0, and pj, = 0. Since p* coincides with the efficient asset allocation fi, we have

W* = W. The independence of W* on u; and u, is trivial as Ko = Hpe = 0. The
independence of W* on \; also follows from W’s independence of any search friction. When
ky < ko < ki, + k¢, we have pg, > 0, so W* = W is strictly increasing in Ug.

If kg > kp + Ky, then 7W* = rW — ,u;ie(uf —u,). We have W* < W because

ks
1 o 2uin AP ASKy
Pebio AdhiotArks

ﬂ}@ = > O,

The welfare W* is increasing in uy and u. as i}, and p, are strictly positive. Moreover,
W is decreasing in As and increasing in Ag. Thus, the welfare W* is increasing in As and

decreasing in \g.

SA.2 Proofs on Spreads and Prices

SA.2.1 Proof of [Proposition 11|

It remains to obtain the closed-form expression of PV_,;s. The time taken to buy 7, the

time taken to sell 74, and the event of purchasing from a low-type investor, rather than an



exiting fund, are all independent from each other. Thus,

Tp+Ts
P‘/calls =F [Pb] E [e_””] + FE [(be)] E |:/ €_Ttdt:| s
0

where
Tp+Ts Tb To+Ts
E {/ e_rtdt} =F [/ e‘”’dt] + F [/ e‘”dt]
0 0 T
Ty Ts
=y { / e”dt} +E[e™ E { / e’"tdt} :
0 0
Note that
A oPo— n )\s eP e—fn
B[P, = 2felion + Aspyel’y fn.
)\f,ulo + >\s,ufe
)\ ] )\S [
E [6—7‘7'1,] - FH + 1253 and

B >\f,ulo + )\sﬂfe + ’T"

Tb 1
E [/ e‘”’dt] = )
0 )‘f,ulo+)\sﬂfe+r

Last, recall that a fund’s type remains fo or fe for the time period 74, = min{7s,_pn, 7 }

Or 7. = Min{Tfe_pn, Tfe—fn }, respectively. Then,

B |:/ s e_rtdt:| _ B |:/ fo e_rtdt:| + E |:1TfO:Te:| E [6—7“7'f0:| E |:/ € e_rtdt:|
0 0 0

1 Pe )\f,uhn_"pe 1
— 4 )
)‘fuhn+pe+r )‘f/Lhn"i_pe )‘f/flhn+pe+7”>\f,uzhn+>\s,ufn+r

It follows that

st P P L+ pe <+)
flio loffn_'_)\s,ufe fe—fn 1‘|‘f 1 AfhntAsppn+r

PVeans = +
! )‘fﬂlo‘i_)\slufe‘*’r )\f,ulo‘i_)\sﬂfe )\fﬂhn+pe+r




SA.2.2 Proof of |[Proposition 12

For Part 1: 2(pfofhn - pfefhn) = VUfo — VUfe = ngeffn > 07
2(pfe—hn _pfe—fn> - (Uho - Uhn) - (Ufo - Ufn) - 2gfo—hn 2 0.
For Part 2: 2(Pfo—hn — Plo—hn) = (

Uho — Uhn + Vfo — Ufn) - (Ulo — U + Vfo — Ufn)

Vho — Uhn) - (Ulo - Uln) - 2glo—hn Z Oa

(
2(plo—hn - plo—fn) = (Uho - Uhn) - (Ufo - Ufn) == 2gfo—hn Z 0.

SA.3 Various Estimates of the Time to Sell

A sale of a private firm consists of two major processes: the preparation and the listing-to-sale
process. The preparation takes less time if a firm already has high-quality accounting and
information systems, which is the case of PE-backed firms (Kaplan and Stromberg (2009)).
The preparation for PE-backed firms takes an average of 2 months, while other firms need
an average of 6 months (see the upper part of . The listing-to-sale process takes
about 9 months for various selling agents (see the lower part of . We set the total

time for selling a firm as 11 months for PE funds and 15 months for corporate investors.

Ave. Time Taken Source

For preparations

1-6 months https://www.highrockpartners.com/how-long-does-it-take-to-sell-a-company/

12 months https://www.businessinsider.com/11-stages-of-selling-a-company-2011-4

From listing to sale

6-9 months https://www.mabusinessbrokers.com/blog/how-long-does-it-take-to-sell-a-business

9 months https://wuw.exitadviser.com/seller-status.aspx?id=long-does-take-sell

9 months https://www.allbusiness.com/how-long-does-it-take-to-sell-a-business-2-6592268-1.html

12 months https://www.businessinsider.com/11-stages-of-selling-a-company-2011-4

9 months https://wuw.moorestephens.co.uk/msuk/moore-stephens-south/news/july-2017- (1)
/how-long-does-it-take-to-sell-a-small-business

9 months https://www.tvba.co.uk/article/how-long-does-it-take-to-sell-a-company

6-9 months https://wuw.simonscottcmc.co.uk/blog/long-take-sell-business/

10 months https://www.ibgbusiness.com/tips-sell-business-long-take-sell-business/

10 months https://www.highrockpartners.com/how-long-does-it-take-to-sell-a-company/

Table 6: Estimated time to sell a firm
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